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PREFACE 
The study of derivation in Rings got impetus soon after Posner [65] and Her-
stein [49] obtained some remarkable results particularly for prime rings. This study 
started attracting a wide circle of algebraists in the later part of the 20th century. 
It plays a significant role in the integration analysis, algebraic geometry, differential 
geometry and differential algebras. Motivated by successful application of deriva-
tion in rings, the concept of derivation in a near-ring A'^  was introduced by Bell 
and Mason [26] as follows: an additive endomorphism d : N —)• N is said to be 
a derivation on N if d{xy) = xd{y) + d{x)y holds for all x,y E N. Since then this 
topic has become an interesting research area and many algebraists namely Aydin, 
Bell, Hongan, Ligh, Luh, Mason and Nurcan etc. have done a lot of work in this area. 
This exposition comprises of four chapters and each chapter is further sub-
divided into various sections. Chapter 1 contains preliminary notions, basic defin-
itions and some well known results required for the development of the subject in 
the subseqvient chapters. The basic knowledge of ring theory has been preassumed. 
The definitions, examples, results and remarks etc. has been specified with double 
decimal numbers. The first figiure denote the number of chapter, second represent 
the section in the chapter and the third point out the number of definitions, the 
examples, or the remarks as the case may be in a particular chapter. 
In chapter 2, the concept of derivations, strong commutativity preserving 
derivations and Daif derivations have been studied. This chapter includes results 
obtained by Bell and Mason [25], Abujabal and Ashraf [1] and Wang [71]. Section 2.2 
„ , e . . . . . . . . e a . U 0 . o. . . . a p p . . and . s . . oUa .ea W Be a . . M. 
, Have beea d.cussed. D e . . and ^s».af M « l a , e d . . e . u d , o< a . « e . e . 
L . . W ^ . . a . . a - - - W a.e . v e . . S e « . . . 3 . ^ ^ ^ ^ l 
the settmg ot near^ring has been discussed. 
Chapter 3 is devoted to the study of (a,r)-derivations in uear-rings. Sect.on 
3.2 begihs with the definition of (^,T)-derivation in near-tings and is devoted to the 
commutativity of prime near-rings. Also, a dassical result of Herstein [W] in the 
setting ot (a, T)-derivation in near-rings has been discussed. Section 3.3 bepns with 
analog of Leibniz' rule in the setting of ((T,T)-derivation in near-ting and further, an 
extension of Posner's theorem in the setting of (a, r)-derivation has been given. In 
Section 3.4 the concept of symmetric-bi-(CT,T)-derivation has been given and some 
results obtained by Ceven and Ozturk [32] has been presented. 
Chapter 4 deals with the generaUzed derivation in neat-tings. In this chapter 
we discuss the results obtamed by Bell [151 and Golbasl [42],143]. In Section 42 a 
generahzation ot result due t« BeU and Daif (22) has ten given. Most of the results 
P«sented in this section are devoted to the study of commut.f . . 
- . adntits generalized derivations satisfying cel in ^ ^ ' ^ ^ 
; . 3 deals With the study of generalized derivation . ^ ^ ' ' " " • ' 
^ o - » o r p M s . or as an anti honronrorphisnt of t . neat 2 T " ^ ^ " " ^^ ' 
" '''•°'^' ' ° "'^ *-dy of results obtained by BeH I t , T ' " ' ' ^ ' ^ * ' ' ^-^ 
in this section are generalization of some results earlier obtained by Bell and Mason 
[26]. In the end of Section 4.4 a result obtained by Golbasi [42], which was further 
improved by Bell [15] has been studied. 
At the end, an extensive bibliography of the existing literature related to the 
subject matter of the dissertation is included. 
CHAPTER 1 
Preliminaries 
1.1 Introduction 
This chapter includes some basic definitions, preliminary notions and funda-
mental results in rings and near-rings, which are required for the development of the 
subject in the subsequent chapters. Of course, the elementary knowledge of algebraic 
concepts such as sets, groups, fields, ideals, homomorphism, zero-divisors, etc. have 
been pre assumed. Most of the material included in this chapter occurs in the standard 
literature viz. Herstein [48 ], McCoy [60 ], Pilz [64 ], Clay [35], etc. 
1.2 Some ring theoretic concepts 
This section, deals with basic definitions and results in ring theory. Through-
out this dissertation, unless otherwise mentioned, (i?,-F,.) will denote an associative 
ring. For the sake of convenience, the product of any two element a.b E R will be 
denoted by ab instead of a.b. Further, we shall write R for {R,+,.). We begin with 
the following definitions: 
Definition 1.2.1 ( Nilpotent element). An element a of a ring R is called nilpotent, 
if a" = 0 for some positive integer n. 
Remark 1.2.1. Every nilpotent element in R is necessarily a divisor of zero. 
Definition 1.2.2 (Idempotent element). An element e of a ring R is said to be 
idernpotent, if e^  = e.. 
Remark 1.2.2. If every element of a ring is idempotent, then such ring is known as 
Boolean ring. 
Remark 1.2.3. (^ ) Boolean rings are necessarily commutative. 
(ii) A non-zero idempotent in a ring R can not be nilpotent in R. 
{in) If e is an idempotent element of a ring R then so is e + ea; — exe and e + xe — cxe 
for any x G R. 
{iv) If e is an idempotent element of a ring R then ex — exe and xe — exe are nilpotent 
in R for any x E R. 
Definition 1.2.3 (Prime Ideal). A proper ideal P of i? is called a prime ideal of R if 
for any two ideals A and B of R, AB C P implies A C. P or B C. P. 
Remark 1.2 A. Equivalently, an ideal P in a ring R is prime if and only if any one of 
the following holds: 
(i) If a, 6 e P such that aRh C P , then a e P or b e P. 
(ii) If (a) and (6) are principle ideals in R such that (a)(6) C P , then a G P or 6 e P. 
{Hi) If U and V are left (right) ideals in R such that {U){V) C P , then U C P or 
VCP. 
Definition 1.2.4 (Prime Ring). A ring R is said to be prime if the zero ideal (0) is 
prime ideal in R. 
Remark 1.2.5. Equivalently, a ring R is prime ring if and only if one of the following 
holds: 
{i) If /i and I2 are ideals in R such that /1/2 = (0), then /j = (0) or /2=(0). 
{ii) For any a,b e R, aRb = {0} implies either a = 0 or 6 = 0. 
Remark 1.2.6. The center of a prime ring is free from zero divisor. 
Remark 1.2,7, If i? is a prime ring with no non-zero nilpotent elements then R has 
no zero divisor. 
Proof. Suppose ab = 0. Since (6a)^ = (6a)(6a) = b{ab)a. By hypothesis 6a = 0. 
However, if a6 = 0, then (o6)a; = 0. This impUes that a(6a;) = 0 for all x Q R, i.e, 
{bx)a = 0 for all x E JR and hence bRa — {0}. Since R is prime, either a = 0 or 
6 = 0 i.e. R has no zero divisors. 
Definition 1.2.5 (Semiprime Ideal). An ideal F in a ring jR is said to be a semiprime ideal 
in R if for every ideal I of R, P C P implies I C P. 
Remark 1.2.8. A prime ideal is necessarily semiprime but the converse need not be 
true in general. 
Remark 1.2.9. Intersection of prime (semiprime) ideals is semiprime. For exam])le, 
in the ring Z of integers, ideal (2) fl (3) = (6) is semiprime which is not prime. 
Definition 1.2.6 (Semiprime ring). A ring R which has no non-zero nilpotent ideal is 
said to be semiprime ring. 
Remark 1.2.10, A ring R is semiprime if and only if for any a E R, aRa ~ {()}, 
implies a = 0. 
Remark 1.2.11. The center of a semiprime ring contains no non-zero nilpotent ele-
ment. 
Proof. Let x be a non-zero nilpotent element of R such that x 6 Z{R). Suppose that 
index of nilpotency is n. If n = 2, then x^r — 0 for all r G i? i.e., x{xr) = 0. This 
implies x = 0. If n > 2, then 2 n - 2 > 0 and we have (x""^)^ = 0 i.e., (x"~^)V ^ 0, 
for all r ^R. This implies a;"~Va;"~^ = 0 i.e., x"~^i?a;"~^ = {0}. Since R is semiprhne, 
a;"-i = 0, a contradiction. 
Definition 1.2.7 (Maximal ideal). An ideal M in a ring R is called a maximal ideal 
of R if M ^ R, and if for any ideal I of R such that M C I C R, then either / = M 
ox I = R. 
Remark 1.2.12. Every maximal ideal in a commutative ring R with multiplicative 
identity 1 is prime. However, the converse need not be true in general. 
Example 1.2.1. In the ring Z of integers, the ideal (0) is prime but (0) ideal is not 
maximal, because (0) C (2) C Z . 
Example 1.2.2. The ideal (4) in E, the ring of even integers is a maximal ideal luit 
not prime as 2.2 e (4) but 2 ^ (4). 
Definition 1.2.8 (Simple Ring). A ring R is called simple if R"^ ^  (0) and it has no 
ideals other than (0) and R. 
Definition 1.2.9 (Center of a ring). The center of a ring R is the set of all those 
elements of R which commute with each element of R and denoted as Z{R) 
i.e., Z{R) ={xeR\xr = rx, for all r e i?}. 
Definition 1.2.10 (Centralizer). Let iS" be a non-empty subset of R. Then the 
centralizer CR{S) of S in R, is defined by 
CR{S) = {xe R\SX = xs, for all s e S}. 
U X e CR{S), then we say that x centralizes S. Evidently CR{R) = Z{R). 
Definition 1.2.11 (Characteristic of a ring). The least positive integer n (if one exists) 
such that nx =0, for every element x of H is called characteristic of R and generally 
expressed as char R = n. If no such positive integer exists, then R is said to have the 
characteristic zero. 
Remark 1.2.13. The characteristic of an integral domain is either zero or a prime. 
Definition 1.2.12 (Torsion free element). An element x e Ris said to be n-tarsion free 
ii nx = 0 implies x = 0. If nx = 0 implies a; = 0, for every x e R, then we say 
that the ring R is n-torsion free. 
Definition 1.2.13 (Derivation). A mapping d : R —y R is said to be a derivation on 
R if it satisfies the following properties: 
(7:) d{x + y)= d{x) + d{y) 
(n) d{xy) — d{x)y + xd{y), for all x,y E R. 
Example 1.2.3. The most natural example of a non trivial derivation is the usual 
differentiation on the ring F[x] of polynomials defined over a field F. 
For fixed a e R, define d : R —> R by d{x) = [x,a], for all x E R. The function d 
so defined can be easily checked to be additive and 
d{xy) = [xy,a] 
= x[y,o] + [x,a]y 
= xd{y) + d{x)y. 
Thus d is a derivation which is called inner derivation of R associated with a and 
is generally denoted by la. 
Remark 1.2.14. It is obvious to see that every inner derivation on a ring i? is a 
derivation. But the converse need not be true. 
Example 1.2.4. Let i? = i ( ^ ^A\a,b,c,dez\he a ring of 2 x 2 matrices over 
Z, the ring of integers. Define a mapping d : R —> R as follows: 
Then it can be easily verified that d is a derivation on R but not an inner deriva-
tion on R. 
Remark 1.2.15. If d is a derivation on R and r e Z{R), then d{r) e Z{R). 
Remark 1.2.16. Let d be a derivation of a prime ring R and a be an element of R. 
If ad{x) = 0, for all x e R, then either a = 0 or d is zero. 
Proof. If ad{x) — 0 for all x E R, replace x by xy, to get ad{xy) = 0. This implies 
that ad{x)y + axd{y) = 0 that is, axd{y) — 0, for all x,?/ e R. If d{x) ^ 0, for all 
x e R^ then the primeness of R yields that a = 0. 
Remark 1.2.17. Let a and ab be in the center of a prime ring R. If a is not zero, then 
be Z{R). 
Proof. 0 = [ab,r] — a[b,r] + [a,r]b — a[b,r], for all r e R. By the above remark, 
a = 0 or be Z{R). Hence b must be in Z(il). 
Remark 1.2.18. Let / be a non-zero ideal in a prime ring R. If R admits a derivation 
d which is zero on / , then d is zero on R. 
Proof. If d{I) = 0, then 0 = d{IR) - d{I)R + Id{R) = Id{R). Since / 7^  {0}, by 
Remark 1.2.16, d must be zero. 
1.3 Near-rings and related notions 
Near-fields were the tlrst near-rings considered in the hterature. In the year 
1905, Dickson [39] changed the multiplication in the field in order to get examples of 
one-sided distributive field showing that the second distributive law does not follows 
from the remaining axioms for a (skew-) field. In the year 1936, Zassenhauss [72] de-
termined all finite near-fields, having order p". Ore [62], Furtwangler-Taussky [41] and 
Taussky [69] started axiomatic considerations in the thurties of the last century for what 
we now called near-rings. The first ones to use the name near-ring were Zassenhauss 
[72], Blackett [28] and P. Jordan [52]. 
Definition 1.3.1 (Near-Ring). A non-empty set N together with two binary opera-
tions say '+ ' and '.' is said to be a left (respectively right) near-ring if it satisfies the 
following axioms: 
(i) {N,+) is a group (not necessarily abelian). 
(ii) {N,.) is a semi group. 
(iii) N satisfies left distributive law i.e., 
ni.(n2 + Us) = ni.n2 + ni-n^, for all ni,n2,n3 G N 
(respectively, (nj + n2).ri3 = ni.na + n2.n3, for all ni,712,713 e A^ ) 
Remark 1.3.1. Throughout this text, we shall denote a zero-symmetric left near-ring 
by A^ , unless otherwise mentioned. For the sake of convenience, we shall call it as a 
near-ring. Moreover the product of any two element a,b ^ N will be denoted b}' ab 
instead of a.b. 
Example 1.3.1. The most natural example of near-ring is given by the set N of 
identity preserving maps of an additive group G (not necessarily abelian) into itself 
where the two operations are defined as: 
{f-9){^) = f{9{^)) for all f,geN,xeG. 
Then it can be easily seen that A^  is a right near-ring. 
Definition 1.3.2 (Zero symmetric near-ring). A left near-ring is said to be 267-0 
symmetric if Ox = 0 for all x ^ N. 
Definition 1.3.3 (Distributive element). For a left near-ring (TV,+,.), ii a e N and 
{x + y)a = xa + ya for all x,y ^ N, then a is said to be a distributive element. (If 
(A', +,.) is a right near-ring, then we would require a{x -f y) = ace -f ay.) 
Remark 1.3.2. For a left near-ring (A",+,.), if 0 is the additive identity of (A ,^ +), 
then aO = 0 and a{-b) = -{ab) for all a,b e N. 
Remark 1.3.3. If d is distributive element of N then Od = 0 and {-x)d = ~xd for 
all a; e A". 
Definition 1.3.3 (Distributively generated near-ring). A near-ring N is called a 
distributively generated if A^  contains a multiplicative semi group S whose elements 
generates {N, +) and satisfies the following: 
(a-1- h)s = as + 6s, for all a,b E N and s € 5. 
Definition 1.3.4 (Near-Field). A {left) near-field is a near-ring (F, -|-,.) where (F, +) 
is a group and (F* = F\ {0},.) is a group, and a{b + c) = ab + ac for all a,b,ce F. 
Definition 1.3.5 (Sub-Near-Ring). A near-ring (M, -I-,.) is a sub-near-ring of a near-
ring (A'^ , -t-,.) if M C N and + and . for M are restriction of -1- and . for A'^  to M x M. 
Remark 1.3.4. If {N,+,.) is a near-ring and (M,+) is a subgroup of (A^+), then 
{M, +,.) is a sub-near-ring of (iV,-|-,.) if and only iia,be M imphes that ab e M. 
Definition 1.3.6 (Near-Ring homomorphism). Let (M,©, *) and (A'^,+,.) be near-
rings. A mapping / : M —> N such that f{x®y) = f{x)i-f{y) and f{x*y) = f{x)f{y) 
for all x,y E. M is called a near-ring homomorphism. 
Definition 1.3.7 (Ideal). For a (left) near-ring (AT,-f-,.), let {!,+) be a normal sub-
group of (A'^ , -f-). Then I is said to be 
(7.) a right ideal of A^  if (a; + r)y — xy € I for each r E I and for all x, y G A'^ . 
(ii) a left ideal oi N if xr e N, for each r € / and x e A''. 
(???) an ideal if both (i) and (ii) hold. 
Remark 1.3.5. The kernels of near-ring homomorphism are called ideal. 
Definition 1.3.8 (Prime Ideal). An ideal P of A/" is a prime ideal if J J C P imphes 
J C P or J C P for all ideals / and J of A^ . 
Definition 1.3.9 (MultipHcative center). The multiplicative center of a near-ring A^  
is defined to be 
Z{N) = {zeN I zx = xz, for all a; e R}. 
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Definition 1.3.10 (Additive center). The additive center of a near-ring N is defined 
to be 
§(7V) = {ze N I ^ + X = a; + z, for all a; e A^}. 
Definition 1.3.11 (Derivation). A derivation d on N is defined to be an additive 
endomorphism satisfying the product rule d{xy) = xd{y) + d{x)y, for all x,y G N. 
Example 1.3.2. Let N = Ni® N2, where A^ i is a non-commutative near-ring and N2 
is a commutative domain admitting a non-zero derivation 5. Define d : N —> N by 
d{{ui,U2)) = {0,6{u2)). Then d is a derivation on N. 
Remark 1.3.6. For any x,y e N, the symbol {x, y), denotes the additive commutator x+ 
y — X — y while the symbol [x,y] stands for the multiplicative 
commutator xy — yx. 
Definition 1.3.12 (Prime Near-Ring). A near-ring A'^  is called a prime near-ring if 
for a,b e N and aNb = {0} implies that a = 0 or 6 = 0. 
Remark 1.3.7. Some authors also use term 3-prime near-ring instead of prime near-
ring (For reference see [15], [32] and [63]). 
Definition 1.3.13 (Semigroup Ideal). A non-empty subset I of N is said to be a 
semigroup ideal, if IN C I and NI C / . 
1.4 Some important results 
In this section we give some basic results concerning the study of derivation 
in near-rings, earlier obtained by Bell and Mason in [26] and Hongan in [50]. 
Lemma 1,4.1 ([26, Lemma 1]). Let d be a derivation on a near-ring N. Then N 
satisfies the following partial distributive law: 
{ad{b) + d{a)b)c = ad{b)c + d{a)bc, for all a,b,c£ N. 
Proof. Using product rule we have 
d{{ab)c) = abd{c) + {ad{b) + d{a)b)c 
and 
d{a{bc)) = a{bd{c) + d{b)c) + d{a)bc 
— abd{c) + ad{b)c + d{a)bc. 
Equating these two expressions for d{abc), we get 
{ad{b) + d{a)b) c = ad{b)c + d{a)bc for all a,b,ce N. 
Lemma 1.4.2 ([26, Lemma 2]). Let dl be a derivation on A'^ , and suppose u e A' is 
not a left zero divisor. If [it, d{u)] — 0, then (x, u) is a constant for every x e N. 
Proof. Prom u{u + a;) = u^ + ux^ by product rule and left distributive property, we 
obtain 
ud{u + cc) + d{u){u -\- x) — ud{u) + d{u)u + ud{x) + d{u)x 
and 
ud{u + x) + d{u)[u + a;) = ud{u) + ud{x) + d{u)u + d{u)x. 
Equating these two expressions, we get 
d{u)u + ud{x) = ud{x) + d{u)u. 
Using [u, d{u)] = 0, this expressions reduces to 
u{d{x) + d{u) — d{x) — d{u)) = 0 = u{d{x,u)). 
As u is not a left zero divisor, we get ^(a;,^) — 0 i.e. {x,u) is constant. 
Lemraia 1.4.3 ([ 26, Lemma 3]). Let A'' be a prime near-ring. 
(i) If 2 e -^ (A'^ ) \ {0}, then z is not a zero divisor. 
[ii) If Z{N) contains a non-zero element z for which z -\- z E Z{N), then {N,+) is 
abeUan. 
{Hi) Let rf be a non-zero derivation on N. Then xd{N) = {0} implies x = 0 and 
d{N)x = {0} implies a; = 0. 
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{•iv) If N is 2-torsioii free and d is a derivation on A'' such that (f = 0, then d = 0. 
Proof, (i) If 2 € Z{N) \ {0} and zx = 0, then zNx = {0}, hence a; = 0. 
{?'?:) Let 2 € Z{N) \ {0} be an element such that z + z e Z{N), and let x,y e N. Since 
z + z \s distributive we get 
{x + y){z + z) = x{z + z) + y{z + z) = xz + xz + yz + yz = {x + x + y + y)z. 
On the other hand, 
[x + y){z + z) = {x + y)z + {x + y)z ^ [x + y + x + y)z. 
Thus, x + x + y + y = x + y + x + y and therefore, x + y = y + x. 
(in) Let xd{N) = {0}, and let r,s be arbitrary elements of A'^ . Then 
0 = xd{rs) — xrd{s) + xd{T)s = xrd{s). 
Thus xNd{N) = {0} and since d{N) ^ {0}, a; = 0. A similar argument works if 
d{N)x = {0} since Lemma L4.1 provides enough distributivity to carry it through. 
(iv) For arbitrary x,y ^ N,we have 
0 = d''{xy) 
'- d{xd[y) + d{x)y) 
= xd^{y) + d{x)d{y) + d{x)d{y) + d^{x)y 
= 2d{x)d{y). 
Since A^  is 2-torsion free, d{x)d{N) = {0}, for each x E N, and (iii) yields d = 0. 
Remark 1.4.1. Define operation 'o' as x o y = xy + yx for all x, y G N. 
Definition 1.4.1. A derivation d is called commuting (respectively semi-commuting) 
on an ideal ^ of A'' if [a, d{a)] = 0 (respectively [a, d{a)] = 0 or aod{a) = 0) for all a € A. 
Lemma 1.4.4 ([50, Lemma 2]). Let u be an element of A'' which is not a left zero 
divisor. If either [w, d{u)]=0 or w o d{u)=0, then d{{u, x)) — 0, for all x e N. 
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Proof. In view of Lemma 1.4.2, [u,d{u)] = 0 implies that d{u,x) = 0, for all x 6 A^  
Further it remains only to prove the case that u o d{u) — 0. Let x e N, then 
ud{u) + ud{x) + d{u)u + d{u)x = d{u{u + x)) 
= d{u^ + ux) 
= ud{u) + d{u)u + ud{x) + d{u)x. 
This together with MOd(M) = 0 implies that wd(M, a;) = u{d{u) + d{x) - d{u) -d{x)) =0 
and therefore d{u, x) = 0. 
Lemma 1.4.5 ([50, Lemma 3]). Let A'^  be a prime near-ring and A be a non-zero ideal 
of TV. 
(i) If (A, +) is abelian, then {N,-{-) is abelian. 
(?•?.) If [A,.) is commutative, then {N,.) is commutative. 
Proof, (i) Since {A,+) is abehan, it is easy to see that A{x,y) = 0 for all x,y E N. 
Then noting that N is prime, we get {x,y) = 0. 
{ii) Let a,b e A and x^y e N. Since {A,.) is commutative, ab[x,y] = abxy - abyx — 
baxy — byax = axby — axby — 0, so that A^[a;,t/] = 0. Then A^  being prime, we get 
[a:,y]=0. 
Theorem 1.4.1 ([26, Theorem 1]). Suppose N has no non-zero divisor of zero. If A^  
admits a non-trivial commuting derivation d, then (A/', -|-) is abelian. 
Proof. Let c be an additive commutator. Then in view of Lemma L4.2, c is a constant. 
Moreover, for any w E N, wc is also an additive commutator, hence also a constant. 
Thus, 
0 = d{wc) = wd{c) + d(w)c = d(w)c. 
Since d{w) ^ 0 for some w E N,we conclude that c = 0. 
Theorem 1.4.2 ([26, Theorem 2]). If a prime near-ring admits a non-trivial derivation 
d for which d{N) C Z{N), then {N,+) is abelian. Moreover, if AT is 2-torsion free, 
then A'^  is a commutative ring. 
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Proof. Let c be an arbitrary constant, and let s be a non-constant. Then d{xc) — 
xd{c) + d{x)c = d{x)c e Z{N). Since d(a;) e Z{N)\{0}, it follows easily that c e Z{N). 
Since c + c is constant for all constants c, it follows from Lemma 1.4.3(n) that {N,-\~) 
is abelian provided that there exists a non-zero constant. 
Assume, then, that 0 is the only constant. Since d is obviously commuting, it follows 
from Lemma 1.4.2, that all u which are not zero divisor belong to the center §(A0 
of (A^,+). In particular, if x 7^  0, d{x) E ^{N). But then for all y € N, we get 
d{y) + d{x) - d{y) - d{x) = d{{y,x)) - 0, hence (y,rc) = 0. 
Further assume that N is 2-torsion free. By Lemma 1.4.1, {ad{b) +d{a)b)c = ad{b)c + 
d{a)bc, for all a,b,c e N and using the fact that d{ab) e Z{N), we get cad{b) 4-
cd{a)b = ad{b)c -f d{a)bc. Since (iV, +) is abelian and d{N) C Z{N), this equation can 
be rearranged to yield 
d{b)[c, a] = d{a)[b,c], for all a,b,c e N. 
Suppose now that N is not commutative. Choosing b,c & N with [b,c] / 0 and letting 
a = d{x), we get d'^{x)[b,c] =• 0, for all a; e A', and since the central element ^[x] can 
not be a non-zero divisor of zero, we conclude that ^{x) = 0, for all x e A^ But by 
Lemma L4.3(iv), this can not happen for non trivial d. 
Theorem 1.4.3 ([50 , Theorem 1]). Suppose that an ideal A of iV contains no non-zero 
zero divisors of A'^ . If 0 7^  d{A) C A and d is semi-commuting on A, then (A, -)-) is 
abelian. 
Proof. Let a e A and x e N. Then by Lemma L4.4, d{a, x) = 0. Further for any b e A 
with d{b) ^ 0, rf(6)(a,a;) = d(6(a,a;)) = d{ba,bx) = 0, and therefore (a,x) = 0. The 
rest of the proof is clear by Lemma L4.5(i). 
Theorem 1.4,4 ([26, Theorem 3]). Let A' be a prime near-ring admitting a nontrivial 
derivation d such that \d{x),d{y)] = 0 for all x,y e N. Then (A ,^ +) is abelian. More-
over, if N is 2-torsion free then N is a commutative ring. 
Proof. The argument used in the proof of the Lemma 1.4.3(M) shows that if both z 
and z + z commute element wise with d{N), then zd{c) = 0 for all additive commutator 
c. Thus, taking z = d{x), we get d{x)d{c) = 0 for all x e N, so d{c) = 0 by Lemma 
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1.4.3(in). Since wc is also an additive commutator for any w E N, we have d{wc) 
0 = d{w)c, and another appUcation of Lemma 1.4.3(m) gives c = 0. 
Assume now that A^  is 2-torsion free. By the partial distributive law, 
hence 
d{d{x)y)d{z) = d{x)d{y)d{z) + d^{x)yd{z) for all x,y,z e N, 
d^{x)yd{z) = d{d{x)y)d{z) - d{x)d{y)d{z) 
= diz){d{dix)y) - d{x)d{y)) 
= d{z)d\x)y 
- d?{x)d{z)y. 
Thus 
d^{x){yd{z) - d{z)y) = 0 for all x,y,z e N. 
Replacing y by yt, we obtain 
d^{x)ytd{z) - d^{x)d{z)yt = d^{x)yd{z)t for all x,y,z,t e N, 
so that 
d'^{x)N[t,d{z)] = {0} for all x,t.,ze N. 
The primeness of N now shows that either d^  = 0 or d{N) C Z{N), and since the first 
of these conditions is impossible by Lemma lA.3{iv), the second must hold and A^  is 
a commutative ring by Theorem 1A.2. 
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CHAPTER 2 
Strong commutativity preserving 
derivations in near-rings 
2.1 Introduction 
There are growing literature on commutativity preserving map / , define by 
the property that whenever x and y are commuting elements of a ring, so are f{x) and 
f{y). On the other hand / is said to be strong commutativity preserving (scp) on R if 
[/(^))/(y)] = l^-.y] holds for all x,?/ € R. 
Section 2.2 opens with the notion of strong commutativity preserving [scp) deriva-
tion in a near-ring N i.e., a derivation with the property [x^y] = [d{x),d{y)] for all 
x.y E N and contains the results related to the additive and multiplicative commu-
tativity of near-ring. In the same section commutativity of near-rings has also been 
explored satisfying either of the properties —xy + d{xy) ~ —yx + d{xy) for all x, y e A'^  
or xy + d{xy) = yx + d{yx) for all x,y E N. 
Further in Section 2.3, commutativity of near-rings satisfying [F{x),d{y)] = [x,y] for 
all x,y E. R where F is a mapping on R and d is a derivation on R, has been discussed. 
Finally, Section 2.4 begins with a theorem on iteration of derivations in near-rings. 
In fact this result was inspired by the famous Posner's theorem [65] related with the 
composition of derivations in prime rings. In the end of the chapter Leibniz' rule in 
the setting of near-rings have been given. 
2.2 Scp and related derivations in near-rings 
A mapping / : R —> R is said to be strong commutativity preserving (scp) 
if [/(^))/(y)] = l^^y] holds for ail x,y € R. Clearly such mapping preserves com-
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mutativity in the sense that [f{x),f{y)] = 0 whenever [x^y] = 0, for all x,y e R. 
The map / is said to be strong commutativity preserving (scp) on a subset 5 of /? if 
[f{^),f{y)] = [x,y] holds for allx,y e S. 
Over the last two decades, a lot has been explored about commutativity pre-
serving mapping (for reference see [29]). Inspired by these works, Bell and Daif [22] 
investigated commutativity of prime and semiprime rings admitting derivations and 
endomorphisms, which are scp on its certain subsets. Motivated by this result Bell and 
Mason [25] obtained the following result in the setting of prime rings: 
Theorem 2,2.1. Let Rhe a prime ring, and U he a non-zero right ideal of R. If /?, 
admits a derivation d which is scp on U, then R is commutative. 
Further in the year 1992, Bell and Mason [25] studied scp mappings in the 
setting of near-rings and obtained several interesting theorems: 
Theorem 2.2.2 ([25, Theorem 1]). If N has right cancellation and d is a non-zero 
scp-derivation on N, then d is commuting and {N, +) is abehan. 
Proof. For all x e N, [x,xd{x)] = [d{x),d{xd{x))]; hence, 
x[x,d{x)] :^x[d{x),d'^{x)] = [d{x),xd^{x) +d{x)'^] 
By Lemma 1.4.1, the right-hand side of this equality equals 
d{x)xd'^{x) + d{xf - {xd'^{x)d{x) + d{xf) = d{x)xd'^{x) - xd^{x)d{x), 
hence 
xd{x)d^{x) - xd'^{x)d{x) = d{x)xd'^{x) - xd^{x)d{x), 
or 
xd{x)d^{x) = d{x)xd'^{x). 
If d'^{x) = 0, then d{x) is constant, hence central, otherwise d^{x) can be cancelled on 
the right. In either event, {x,d{x)] — 0. Finally, {N,+) is abelian by Theorem 1.4.1. 
The following lemma has its own interest: 
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Lemma 2.2.1 ([25, Lemma 1]). If d is a scp-derivation on A ,^ then constants are in 
Z{N). If N also has 1, then (N,+) is abelian. 
Proof. For constant c, we have [c,y] = {d{c),d{y)] = [0,d(z/)] = 0 for all y e N. In 
particular, if N has I, then 1 + 1 € Z{N), hence [1 + l,a; + y] = 0 for all a;,y 6 .'V, 
from which it follows that (iV, +) is abeUan. 
Remark 2.2.1. If N admits a commuting scp-derivation, then idempotents of N are 
in the multiplicative center. 
Proof. d{e) == ed{e) + d{e)e = 2ed(e) gives ed{e) = 2ed{e), hence ed{e) = 0 = d{p^. 
Contrahty follows by Lemma 2.2.1. 
Theorem 2.2.3 ([25, Theorem 2]). If A'^  has no zero divisors and admits a non-zero 
commuting scp-derivation, then A'^  is a commutative ring with no idempotents except 
Oor 1. 
Proof. For all x,y e N v/e have [x,xy] = [d{x),d{xy)] ~ \d{x),xd{y) 4- d{x)y\, so 
by using Lemma 1.4.1 we get x\x,y\ — d{x)xd{y) + d{x)^y - d{x)yd{x) - xd{y)d{x). 
Since d is commuting, and therefore {N,+) is abelian by Theorem 1.4.1, we now have 
x[x,y] = x[d{x),d{y)] = xld{x),d{y)] + d{x)[d{x),y]. Hence d{x)[d{x),y] = 0 and since 
A^  has no zero divisors, we conclude that [d{x),y] = 0 for all x,y E N. In particular, 
[d{x),d{y)] = 0 and therefore [x,y] = 0 for all x,y E N. Thus A/' is a commutative ring. 
Finally, ii e^ ~ e ^ 0, then e is central by Remark 2.2.1. Since e{ex - x) = 0 for all 
a; e A'', e is left identity element and since e € Z{N), it follows that e = 1. 
Corollary 2.2.1 ([25, Corollary 1]). A near-field with an scp-derivation is a field. 
Theorem 2.2.4 ([25,' Theorem 3]). Let A be a non-zero ideal of A^  which contains no 
zero divisors of A'". If N admits a non-zero derivation d which is scp on A. Moreover, if 
d is commuting on A i.e., [x, d{x)] = 0 for all a: G A, then AT is a commutative ring. 
Proof. By Lemma 1.4.2, the additive group commutator {x,a) = x + a — x — ais con-
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stant for all a E A and x e N. Since A is an ideal, y{x, a) = [yx, ya) is also constant for 
arbitrary y e N, hence d{N){x, a) = {0}. Now (x, a) € A, hence can not be a non-zero 
divisor of zero, therefore (a;, a) = 0 and {A, +) is abehan. It follows that for arbitrary 
a e A\{Q} and x,y e N, (ax, ay) = a{x,y) = 0; hence (A'', +) is abelian. We can now 
adapt the proof of Theorem 2.2.3 to show that d{x)[d{x),y] — 0 for all x.y ^ A and 
since \d{x),y] e A, we conclude that \d{x)^y\ = 0 or d{x) = 0. Thus \d{x),y\ = 0 for 
all x,y e A; in particular for all x,y e A we have [d{x),yd{y)] = 0 - y[d{x),d{y)]. 
We conclude that 0 = [d{x),d{y)] = [x,y] for all x,y 6 A. If a E A\{0} and u,ve N, 
this gives aiiav — avau = 0 = a^uv — a^vu = a^\u,,v\, so [u,v\ = 0. Therefore, N is a 
commutative ring. 
If the near-ring A^  has multiplicative identity 1, then the following partial dis-
tributive law holds in A^ . 
Lemma 2.2.2 ([25, Lemma 3]). If iV has multiphcative identity 1 and admits an 
scp-derivation, then 
{zx + z)y — zxy + zy for all x,y,z E N. 
Proof. Since d{l) = 0 and [x + l,y] = [d{x + 1),d{y)] = [d{x), d{y)] = [x, y]: it follows 
that {x + l)y = xy + y ioT a.11 x,y e N and left multiplying by z gives the result. 
Remark 2.2.2. If N has 1 and zN = N for all 2 € N\{0}, the Lemma 2.2.2 shows 
A'' is distributive; this gives an alternative approach to Corollary 2.2.1. 
Theorem 2.2.5 ([25, Theorem 4]). Let AT be a non-zero near-ring such that aN = N, 
for all a E A^\{0}. If A'^  admits a scp-derivation, then A^  is a division ring. 
Proof. It is easily shown that A^  has no zero divisors. Moreover if y E A^\{0}, 
there exists e E N, such that ye = y, ye^ = ye, and y(e^ — e) = 0. Thus, e 
is a non-zero idempotent, which must be a left identity. For the scp-derivation d, 
we have ed(e) + d{e)e = d{e); hence d{e) + d{e)e = d{e) and d{e)e = 0. Thus 
d{e)N = d{e)eN = {0}, so d{e) = 0. Therefore e E Z{N) by Lemma 2.2.1 , hence 
A^  has 1. It follows by Lemma 2.2.1 and 2.2.2 that A^  is a ring, which must of course 
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be a division ring. 
Theorem 2.2.6 ([25, Theorem 6]). Let N he a prime near-ring and A a non-zero 
ideal of A^  which is a distributively-generated near-ring with identity. If N admits a 
derivation d such that [x, y] = [d{x), d{y)] for all x,y e A, then N isa commutative ring. 
Proof. Let e be the identity element of A. Since ex = x for all a; e A, we have 
ed{x) + d{e)x = d{x), hence ed{e)A = {0} and ed{e) = 0. Thus, for each x e A we 
have xd{e) = xed{e) = 0, so that Ad{e) — {0} and d(e) = 0. Of course d(e + e) ^-=^ 0 
as well, so by a modification of Lemma 2.2.1, we see that both e and e + e commute 
with elements of A and hence (A,-|-) is abeUan. Thus, for all a € A and all x.y e iV, 
we have a{x + y — a; — y) = 0, consequently (A'', -h) is abelian. 
Now since A is distributively generated with identity and (A, -I-) is abelian, it follows 
that A is distributive. Let x,y e N and a,b E A. Then {ax + ay)b = axb + ayb, hence 
a({x + y)b — {xb + yb)) = 0 = {x + y)b — {xb -\- yb), i.e., elements of A are distributive 
in A'^ . Replaying b by zb for arbitrary z e N gives {x + y)zb = xzb + yzb, and using the 
distributivity of 6, we get {{x + y)z — {xz + yz))A = {0}, so that A'' is distributive i.e., 
A^  is a ring and using Theorem 2.2.1 we get commutativity. 
Corollary 2.2.2 ([25, Corollary 4]). Let N he a, prime distributively-generated near-
ring with identity. If A^  admits a scp-derivation, then A'^  is a commutative ring. 
In the year 1992 Daif and Bell [36] studied the commutativity of semiprime ring 
R satisfy either of the properties (?) xy — d{xy) — yx — d{yx) for all x,y E R or 
(M) xy + d{xy) = yx + d{yx) for all x,y E R. In fact they proved that a semiprime ring 
R must be commutative if it satisfies either of the properties (i) or (ii). The derivation 
d with the property (i) (resp. {ii)) was later known as Daif l-derivation (resp. Daif 
2-derivation). Further in the year 1992 Bell and Mason [25] investigated additive and 
multipUcative commutativity of a near-ring admitting these derivations. 
Definition 2.2,1 (Daif l-derivation). A Daif derivation of first kind (Daif l-derivation) 
on a near-ring TV is defined to be a derivation with the property that —xy + d{xy) = 
—yx + d{yx) for all x,y E N. 
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Definition 2,2.2 (Daif 2-derivation). A Daif derivation of second kind (Daif 2-
derivation) on N is one for which xy + d{xy) =yx -\- d(yx) for all a;,y 6 A^  
Daif and Bell [36] shows that a prime ring R must be commutative if it admits 
one of the Daif derivations. In the setting of near-rings, these two kind of derivations 
require different treatment. We begin with the following elementary lemma: 
Lemma 2.2.3 ([71, Proposition 1]) . Let d be an arbitrary additive endomorphism of 
A^ Then d{xy) = xd{y) + d{x)y for all x,y E N if and only if d{xy) — d{x)y + xd{y) 
for all a;,y e A''. Therefore, d is a derivation if and only if d{xy) = d{x)y + xd{y) for all 
x,yeN. 
Proof. Suppose d{xy) = xd{y) + d{x)y for all x,y € N. Since x{y + y) = xy + xy 
and 
d{x{y + y)) = xd{y + y) + d{x){y + y) = xd{y) + xd{y) + d{x)y + d{x)y 
and 
d{xy + xy) = d{xy) + d{xy) = xd{y) + d{x)y + xd{y) + d{x)y, 
we get xd{y) + d{x)y — d{x)y + xd{y)^ so d{xy) = d{x)y + xd{y). 
The converse of the result may be proved in the similar way. 
If A'' admits a Daif 1-derivation then Bell and Mason [25] obtained the following 
theorem: 
Theorem 2.2.7. If A^  is a prime near-ring admitting a non-zero Daif 1-derivation, 
then (TV, -|-) is abeUan. Moreover, if A^  is 2-torsion-free, then A'' is a commutative ring. 
In order to prove above theorem we use the following lemmas obtained by Bell 
and Mason \2l 
Lemma 2.2.4. Let D be a Daif 1-derivation on a near-ring A'^ . Then 
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(i) d{c) = c for each commutator c = [x,y]\ 
{ii) d{z)[x,y] = [x,y]d{z) for all x,y,z G N. 
Proof. The first statement is clear from the definition. To prove the second, we note 
that -[x,y]z + d{[x,y]z) = -z[x,y] + d{z[x,y]), and using Lemma 2.2.3, we rewrite 
this as -[x,y]z + d{[x,y])z + [x,y]d{z) = -z[x,y] + zd{[x,y]) + d{z)[x,y]. In view of 
Lemma 2.2.4(i), we now get [x,y]d{z) = d{z)[x,y]. 
Lemma 2.2.5. Let N he a, prime near-ring admitting a Daif 1-derivation d 
(?') If c is a commutator and uc = vc, then cd{u — v) = 0; 
{ii) If Ci and C2 are commutators with CiC2 = 0, then Ci = 0 or C2 = 0. 
Proof {i). Applying d to uc = vc, and using both part of Lemma 2.2.4 we get first 
part. 
(ii). If C1C2 = 0 = 0c2, (i) yields 
C2d(ci)-0, (2.2.1) 
thus C2C1 = 0. Now since (2.2.1) depends only on the fact that 02 is a commuta-
tor, we can replace ci by yci, thereby obtaining C2d{yci) = 0 = C2yd{ci) + C2d{y)ci. 
Since d{y) commutes with C2 by Lemma 2.2.4(n), we get C2d{y)ci = 0 and hence 
C2Nd{ci) = {0} = C2NC1. Thus ci = 0 or C2 = 0. 
Proof of Theorem 2.2.7. Since [x,xy] = x[x,y] for all x,y € N, Lemma 2.2.4(a) 
gives d{z)x[x,y] = x[x,y]d{z) = xd{z)[x,y] for all x,y,z € A''. By Lemma 2.2.5(i), we 
get [x,y]d{d{z)x — xd{z)) = 0, hence [a;,i/][rf(2),a;] = 0. By Lemma 2.2.5(n), we see 
that either x G Z{N) or \d{z),x] = 0. Thus d{N) C Z{N) and theorem follows from 
Theorem 1.4.2. 
Definition 2.2.3 (Pseudo-Abelian). A near-ring with the property xy + yx = yx + xy 
for all x,y e A'^  is called pseudo-abelian. 
A fundamental tool in the study of Daif 2-derivation is the following lemma 
essentially obtained in [25]. 
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Lemma 2.2.6. Let N be pseudo-abelian and d a Daif 2-derivation on iV. If z £ N^  
has the property that cz + d{c)z = 0 for all commutators c, then [d(2),c] = 0 for all 
commutators c. In particular, if z is distributive or if N has 1 and [z, -1] = 0, then 
[d{z), c] = 0 for all commutators c. 
We are now in a position to prove the following result: 
Theorerai 2.2.8 ([25, Theorem 8]). Let N has no non-zero divisors of zero and admits 
a non-zero Daif 2-derivation, then N is a commutative ring. 
Proof. The defining condition can be written as 
-yx + xy== d{[y,x]) for all x,y e N. (2.2.2) 
Replacing x by yx yields —y^x + yxy = d{[y, yx]) = d{y[y, x]), which may be rewritten 
as yd{[y, x]) = yd{[y, x]) + d{y)[y, x]. Thus 
d{y)[y,x]^Q for all x,y e N. (2.2.3) 
Replacing x by d{y) and using the fact that A'^  has no zero divisors, shows that d is com-
muting, hence (A'', +) is abelian by Theorem 1.4.1. It also follows from equation (2.2.3) 
that either d{y) = 0 ov y E Z{N) i.e., non constants are central but by substituting 
into (2.2.2) we find that constants commute with each other, hence A'^  is commutative 
and is therefore a ring. 
Theorem 2.2.9 ([25, Theorem 9]). Let iV be a 2-torsion free pseudo-abelian distribu-
tively generated prime near-ring with 1. If iV admits a non-zero Daif 2-derivation, then 
A'^  is a commutative ring. 
In order to prove above theorem we use the following lemma obtained by Daif 
and Bell in [36]. 
Lemma 2.2.7 If i? is any prime ring and K be any non-zero ideal of R. Let d be a 
derivation on A'^  which satisfies either xy -f d{xy) = yx + d{yx) for &YL x,y E K or 
xy — dixy) = yx — d{yx) for all x,y E K, then R is commutative. 
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Proof of Theorem 2.2.9. Let x be an element of N which commutes with - 1 . Then 
by Lemma 2.2.6, both d{x) and d{{-l)x) = {—l)d{x) commute with all commutators 
c. Since [x, -1] = 0 implies [d{x), -1] = 0 and since c(—1) = - c is also a commutator, 
we have d{x){—l)c — (-l)d(a;)c = c(—l)d(x) = d(a;)c(—1), from which it follows that 
d(a;)[—l,c] = 0 = [—l,c]d(a:). In particular [—l,c]d(u) = 0 for all distributive u, so 
that [-l,c]d(iV) = {0}. Thus, by Lemma 1.4.3(m), [-l,c] = 0 for all commutators c. 
A little calculation shows that [ -1 , [-l,a;]] = 0 implies 
X + a; = ( - l ) ( -a ; ) + ( - l ) ( -a ; ) for all x e N. (2.2.4) 
Since N is pseudo-abehan, ( - l ) x - a;(—1) = —x{—l) + (—l)a;, so that (-l)a; + a- =^  
x + {—l)x for all X E N. It now follows from (2.2.4) that x + (—l)a:; has additive order 
2, hence is 0. Thus, - 1 e Z{N), {N,+) is abehan, and therefore iV is a ring. Com-
mutativity now follows from Lemma 2.2.7. 
2.3. Certain near-rings are rings 
Motivated by the study of scp-derivations of rings and near-rings, recently 
Deng and Ashraf [37], initiated the study of a more general concept than scp-mappings 
by considering the situation when mapping / and p of a ring R satisfy the property 
[f{x),g{y)] = [x,y] for all x,y E R, and investigated commutativity of a ring R when 
the mapping g is assumed to be a derivation. In fact they obtained the following result 
for semiprime rings: 
Theorem 2.3.1 ([37, Theorem 1]). Let i? be a semiprime ring, and U a non-zero ideal 
of R. If R admits a mapping F and a derivation d such that [F{x),d(jj)] = [x, y] for all 
x.y E U, then R contains a non-zero central ideal. 
It is well known that in a prime ring R, the centralizer of any non-zero one 
sided ideal is equal to the center of R, in particular, if R has a non-zero central ideal, 
then R must be commutative. Combining this fact together with Theorem 2.3.1 we 
get the following: 
Lemma 2.3.1 ([1, Lemma 1]). Let Rhea, prime ring and U a non-zero ideal of R. If R 
admits a mapping F and a derivation d such that [F{x),d{y)] = [x,y] for all x,y 6 [/, 
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then R is commutative. 
The property used in the theorem, was explored further in the setting of 
near-rings by Abujabal and Ashraf [1] and many interesting theorems were obtained. 
To facilitate our discussion, we begin with the following lemmas obtained in [1] . 
Lemma 2.3.2. Let A^  be a near-ring which admits a mapping F and a derivation d 
such that [F{x),d{y)] — [x,y] for a\lx,y e N. Then constants in N are multiphcatively 
central. Moreover, if N has identity 1, then {N,+) is abelian. 
Proof. Let c be a constant in A''. Replacing y by c in oiu: hypothesis we find that 
\x,c] =: [F{x),d{c)] = [F(x),0] = 0 for all a; e AT i.e., c e Z{N). If A^  has unity 1, then 
1 + 1 6 Z{N) and thus [1 + l,a; + y] = 0 for all x,y e N. This yields that x + y = y + x 
for all x,y e N. 
Lemma 2.3.3. Let A' be a near-ring which admits a mapping F and a derivation d 
such that [F{x), d{y)] = [x,y] for all a:,y € N. Then F is commuting on A'' if and only 
if d is commuting on A''. 
Proof. If F is commuting on AT, then 0 = [F{d{y)),d{y)] = [d{y),y] for all y e N i.e., 
d is commuting on A'^ . Conversely, if d is commuting on N then 
0 = [F{x),d{F{x))] = [x, F{x)] for all a; € A^ . 
Lemma 2.3.4. Let N he a. near-ring which has right cancellation property. If A^  
admits a mapping F and a derivation d such that [F{x),d{y)] — [a;,y] for all a;,y e A'^  
then d is commuting on A''. 
Proof. For all x e N, we find that [F{x),d{xd{x))] — [x,xd{x)]. This yields that 
[F{x),xd'^{x) + d{x)'^] = x[F{x),d^{x)]. Now, application of Lemma 1.4.1 gives that 
Fix)xd''{x) + F(a;)d(x)2 - {xd^{x)F{x) + d{x)^F{x)) = xF{x)<fi{x) - xd?{x)F{x). 
This implies that F{x)xd'^{x) + F{x)d{xf - d{xfF{x) = xF{x)d'^{x) for all x e N. 
Since, by our hypothesis [F{x)^d{x)] = 0, the last equation impUes that F{x)xd'^{x) ~ 
xF(x)d!^{x) for all x e N. If d'^{x) — 0, then d{x) is constant and hence by Lemma 
2.3.2, d{x) is central. Thus, in particular [d{x),x] = 0 for all x e N. Further, d{x) ^ 0, 
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then d?{x) can be cancelled and we have [F{x),x] = 0 for all x E N, i.e., F is commut-
ing on A^ . Hence by Lemma 2.3.3, we get the required result. 
Lemma 2.3.5. Let A^  be a near-ring with identity 1 which admits a mapping F and a 
derivation d such that [F{x),d{y)] = [x,y] for all x,y e N, then {zy + z)x = zyx + zx 
for all x,y,z e N. 
Proof. Since d(l) = 0 and [x,y + 1] = [Fix),d{y + 1)] = [F{x),d{y)] = {x,y], 
we find that {y + l)x = yx -\- x for all x,y e N. Now left multiplying by z gives 
{zy + z)x = zyx + zx. 
The proof of the following lemma can be seen in [40]. 
Lemma 2.3.6. A distributively generated near-ring N with identity 1 is a ring if N 
is distributive or {N, +) is abelian. 
Combining of Theorem 1.4.1 and Lemma 2.3.4, gives the following result 
Theorem 2.3.2 ([1, Theorem 1]). Let A^  be a near-ring which has right cancel-
lation property. If N admits a mapping F and a non-zero derivation d such that 
[F{x),d{y)] = [x,y] for all x,y e N then (A ,^ -I-) is abelian. 
Theorem 2.3.3 ([1, Theorem 2]). Let N he a near-ring having no zero divisors. If A^  
admits a mapping F and a non-zero commuting derivation d such that [F{x),d{y)] — 
\x,y] for all x,y E N, then N is a commutative ring with no idempotent except 0 or 1. 
Proof. Since [d(a;),a;] = 0 for all x E N, apphcation of Lemma 2.3.3 gives that 
[F{x),x] = 0, for all cc € AT. For any x,y E N, we have 
x[x,y] = [x,xy] = [F{x),d{xy)] = [F{x),xd{y) + d{x)y]. 
Now apphcation of Lemma 1.4.1 yields that 
x[x,y] = F{x)xd{y) -|- F{x)d{x)y - {xd(y)F{x) + d{x)yF{x)). 
In view of Theorem 1.4.1, (A'', -f) is abelian and since [F{x),d{x)\ = 0, the last equation 
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reduces to x[x,y] = x[F{x),d{y)] = x[F{x),d{y)] + d{x)[F{x),y]. This implies that 
d{x)[F{x),y] = 0, foraU x,y e N. (2.3.1) 
Hence [F(x),y] = 0 for all x,y e N. Now replacing of y by d{y) gives that 0 = 
[F{x),d{y)] = [x,y] for all x,y e N i.e., iV is a commutative ring. 
Further, let e 7^  0, be an idempotent in N. Then 
d(e) - d{e^) = ed{e) + d{e)e = 2ed(e). 
This yields that ed{e) = 2ed(e) i.e., ed(e) = 0. Hence d{e) = 0 i.e., e is constant, which 
is central by Lemma 2.3.2. Since e{ex — x) = 0 for all x € A'^ , e is a left identity element 
which is central, it follows that e = 1. 
The following theorem shows that a near-ring A'^  turn out to be a commutative 
ring if A'' satisfies the property [F{x),d(y)] = [x,y\ for all x,y in certain well-behaved 
subset of A^  viz. ideal of A^ . 
Theorem 2.3.4 ([1, Theorem 3]). Let N he a near-ring and let U he a non-zero ideal 
of A'^  which contains no zero divisors of N. If N admits a mapping F with the prop-
erty that F(U) C U, and a non-zero derivation d such that d is commuting on U and 
[F{x),d{y)] = [x,y\ for x,y E [/, then A'' is a commutative ring. 
Proof. First we shall show that if d is a non-zero deri\'ation on A^ , then d is non-zero 
on U. Accordingly, let d{u) == 0 for all u G U. Then, d{ru) = 0, for all r 6 A^  and 
u G {/, and hence d(r)u — 0. This yields that d{r) = 0, for all r e A/^ . In view of 
Lemma 1.4.2, it follows that additive commutator (a;,u) is constant for all ti € t/ and 
x e N. This implies that r{x,u) = {rx,ru) is also a constant for any r E N. Hence, 
d{N){x,u) = 0 . But {x,u) 6 U and hence can not be a non-zero divisors of zero. Thus 
(x,u) = 0 and {U, +) is abelian. Now, if w is a non-zero element of U and x,y e N, 
then {ux,uy) = u{x,y) = 0. This yields that {x,y) = Q iov all x,y e N i.e., {N,+) is 
abehan. Note that arguments used in the proof of Theorem 2.3.3 are still valid in the 
present situation. Hence, d{x)[F{x),y] = 0 for all x,y eU. Clearly, [F{x),y] e U and 
hence the last equation implies that for each x e U either d{x) = 0 or [F{x),y] = 0. 
Now let Ui={xeU \ d{x) = 0} and U2 = {x e U \ [F{x),y] = 0, for all y € U}. 
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Then Ui and U2 both are additive subgroups of U whose union is U. Thus either Ui =: U 
or U2 = U. If U\ = U, then d(a;) = 0, for all x e U. But since d is non-zero on U and 
hence U2 = U i.e., [F(a;),y] = 0 for all x,y E U. Replacing of y by yd{y) yields that 
0 = [F{x),yd{y)] = y[i^(a;),c^(y)] = |/[a^,y] for all CE,y 6 [/. Thus, we conclude that 
[x,y] = 0 for all a;,y e /7. Now if « is a non-zero element of U and r,s e N, tlien 
v^[7-^s] = w^rs — w^sr = u{ur)s — u{iLs)r = urus — usur = 0. Hence [r,s] = 0 for all 
r,s e N and therefore iV is a commutative ring. 
Theorem 2.3.5 ([1, Theorem 4]). Let A^  be a non-zero near-ring such that ;cA^  = N 
for all non-zero x e N. U N admits a mapping F and a derivation d such that 
[F{x),d{y)] = [x.y] for all x,y e N, then iV is a field. 
Proof. Let 0 ^ y e N. Then there exists e E N such that ye = y, ye^ = ye and 
y(e^ — e) = 0. Since, it can be easily seen that N has no zero divisors, the last equa-
tion implies that e is a non-zero idempotent which must be a left identity. Clearly 
d(e) = d{e^) = ed{e) + d{e)e and hence d{e) = d{e) + d{e)e i.e., d{e)e = 0. Thus 
d{e)N = d{e)eN — {0}. This yields that d{e) — 0 i.e., e is constant and hence by 
Lemma 2.3.2, e 6 Z{N). Thus, N has 1. Since, xiV = AT for all 0 7^  a; e iV, application 
of Lemma 2.3.5 shows that A'' is distributive. Moreover, by Lemma 2.3.2, (A'^ ,+) is 
abelian and hence A'^  is a ring which must of course be a division ring. Now in view of 
Lemma 2.3.1, A'' is a field. 
Theorem 2.3.6 ([1, Theorem 5]). Let A^  be a prime near-ring and U a non-zero ideal 
of A'' which is distributively generated near-ring with identity. If N admits a mapping 
F and a derivation d such that [F{x)^d[y)\ — [x,y\ for x,y E U, then N is a commu-
tative ring. 
Proof. Suppose that e is identity element of U. Then, eu=^u for all « e t/ and hence 
d{u} ~ ed[u) + d{e)u. This yields that ed{e)u = 0 for ellueU i.e., ed{e)U = {0} and 
hence ed{e) = 0. Thus for each u E U, ud{e) = ued{e) = 0 i.e., Ud{e) - {0}. This yields 
that d{e) = 0 and hence d{e + e) = 0. Since Lemma 2.3.2 is vaUd in the present situa-
tion, we find that both e and e-\-e commute with elements of J/, and {U, +) is abehan. 
It is easy to see that U{x,y) — {0} for all x,y E N. Hence (a;,y) = 0 for all x,y e N i.e. 
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{N, +) is abelian. Also, since U is distributively generated near-ring with identity and 
{U, +) is abelian, application of Lemma 2.3.6 yields that U is distributive. Now, let 
u,v e U and x,y e N. Then u{{x + y)v — {xv + yv)} — {ux + uy)v — {uxv + uyv) = 0, 
This gives that {x + y)v = xv + yv. Now, replacing of v by zv for any z E N, yields 
that {x + y)zv = xzv + yzv. Thus, we find that {(x + y)z — (a;2 + yz)}U = {0} and 
hence {x + y)z = xz + yz for all x,y,z €. N i.e., A^  is distributive. This shows that A'^  
is a ring which is commutative by Lemma 2.3.L 
2.4 Composition of derivations in near-rings 
A well known result due to Posner [65] states that if a 2-torsion free prime ring 
admits derivations di : R —)• R, 3,2 : R —> R, such that their iterate did2 is also 
a derivation, then atleast one of them must be zero. This result was generalized by 
many authors in several directions. Motivated by this result Wang [71] obtained the 
following result in the setting of near-rings. 
Theorem 2.4.1. Let N be a 2-torsion free prime near-ring and let di and d^ be 
derivations on N such that did2 is also a derivation. Then the following two conditions 
are equivalent: 
(i) either di = 0 or ^2 =' 0; 
[ii) [di{x),d2{y)] = 0 for all x,y E N. 
To prove the above theorem we need the following lemma: 
Lemma 2.4.1 ([71, Lemma 1]). Let d be an arbitrary derivation on A^ . Then N 
satisfies the follov,^ ing partial distributive law; 
{d{x)y + xd(y))z = d{x)yz + xd{y)z for all x,y,z E. N. 
Proof. Prom the associative law and Lemma 2.2.3, we have 
d{{xy)z) = d{xy)z + xyd{z) 
= {d{x)y + xd{y))z + xyd{z) for all x,y,z€.N 
and 
d{x{yz)) = d{x)yz -h xd{yz) 
= d{x)yz + x{d{y)z + yd{z)) 
= d{x)yz +xd(y)z + xyd{z). 
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Comparing the two expressions, we obtain 
{d{x)y + xd{y))z = d{x)yz + xd{y)z. 
Proof of theorem 2.4.1. (i) =^ (ii) is obvious. Now we prove that (n) => (?). Noting 
that ^1^2 is a derivation, we have 
d\d2{xy) = xdid2{y) + did2{x)y. 
On the other hand, di and ^2 are both derivations, so 
d\d2{xy) • = di{d2{xy)) 
= di{xd2{y) + d2{x)y) 
=: di{xd2{y)) + di{d2{x)y) 
= xdid2{y) + di{x)d2{y) + d2{x)di{y) + did2{x)y. 
The above two expressions for d\d2{xy) yields 
di{x)d2{y)^d2{x)dx{y)=Q for all x.yeN. (2.4.1) 
Replacing x by 0:^ 2(2^ ) in (2.4.1), by combining Lemmas 1.4.1, 2.2.3 and 2.4.1 we have 
0 = d^{xd2{z))d2{y)-^ d2{xd2{z))di{y) 
= {di{x)d2{z) + xdid2{z))d2{y) + (x^l^z) + d2{x)d2{z))di{y) 
= di(a;)d2(2)d2(y) + a;did2(-2;)d2(y) + x^{z)di{y) + d2(a;)(i2(2)cii(3/) 
= di{x)d2{z)d2{y) + a; (did2 (2)^2(2/) + di(2)rfi(y)) + d2{x)d2{z)di{y). 
In this equality 
x{did2{z)d2{y) + dl(2)di(y)) = 0 
because the second factor d\d2{z)d2{y) -\- ^{z)di{y) = 0 by'equality (2.4.1), with x 
replaced by d2{z). Thus we get 
di{x)d2{z)d2{y) + d2{x)d2{z)di{y) = 0 for all x,y,ze N. (2.4.2) 
Replacing x and t/ by 2 in (2.4.1), respectively, we obtain 
d2{z)di{y) = -di(2)rf2(y), 
and 
di{x)d2{z) - -d2{x)di{z). 
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Since A^  is a zero-symmetric left near-ring, (2.4.2) becomes 
0 = {-d2{x)di{z))d2{y) + d2{x){-d,{z)d2{y)) 
= d2{x)i-di{z))d2{y) + d2{x)i-di{z)d2iy)) 
= d2{x)[{-di{z))d2{y) - di{z)d2{y)] for all x,y,ze N. 
If d2 T^ 0, by Lemma 1.4.3 we have 
{-d^{z))d2{y)-d,{z)d2{y)=0, 
that is, 
d,{z)d2{y) = {-di{z))d2{y) for all y,zeN. (2.4..3) 
However, by condition(w) we have 
{-di{z))d2{y) = d,{-z)d2{y) 
= d2{y)di{-z) 
= d2{y){-d,{z)) 
= -d2{y)di{z) 
= -dx{z)d2{y), 
that is 
{-dx{z))d2{y) = 'dx{z)d2{y) for all y, 2 € TV. (2.4.4) 
Prom (2.4.3) and (2.4.4) we obtain 
2di{z)d2iy) = 0, 
this implies that di{z)d2{y) — 0 since N is 2-torsion free. Hence di{z)d2{N) — {0}, 
but ^2 7^  0 so di{z) = 0 for all 2 e N. Thus di = 0. 
Corollary 2,4.1 ([71, Corollary 1]). Let AT be a 2-torsion free prime near-ring and let 
(i be a derivation on A'' such that d^  = 0, then d = 0. 
Proof. As d^  = 0 is a derivation on iV, we have 
0 =: d^{xy) 
= d{xd{y) + d{x)y) 
= d{xd{y))+d{d{x)y)) 
= xd^{y) + d{x)diy) + d{x)d{y) + d^{x)y 
= 2d{x)d{y). 
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So, 
dix)d(y) = 0. 
Therefore [d{x),d{y)] = 0 for all x,y E N. Rrom Theorem 2.4.1, d = 0. 
The following lemmas are essentially obtained in [71]. 
Lemma 2.4.2. Let A^  be a near-ring and ^1,^2 be derivations on A^  such that ^1^2 is 
a derivation. Then d2di is also a derivation. 
Proof. Obviously ^2^1 is an additive endomorphism of N. By equahty (2.4.1) and 
Lemma 2.2.3 we have 
didiixy) = d2{di{x)y + xdi{y)) 
= d2{di{x)y) + d2{xdi{y)) 
= d2d-i{x)y + (di(x)d2(y) + d2{x)di{y)) + xd2di{y) 
- d2di{x)y + xd2di{y) for all x,y e N. 
Thus c?2(ii is a derivation by Lemma 2.2.3. 
Lemma 2.4.3 (Leibniz' Rule). Let A^  be a near-ring. For any integer n > 2 and 
x,y e N 
d''ixy)=d^{x)y+"C,dr-\x)d{y)+...+^Cid^-'ix)d'{y)+...+''Cn-id{x)d^-\y)+xd^{^^ 
Proof. Using Lemma 2.2.3 and elementary facts about centrahzers of elements in 
group, one can easily prove 
d{x)y + nxd{y) — nxd{y) -i- d{x)y. 
Further, we can prove 
nd{x)y + nxd{y) = n{d{x)y + xd{y)) for all x,y e N. (2.4.5) 
Next we prove Leibniz' rule by induction on N. When n = 2, we have 
d'^{xy) = d{d{x)y + xd{y)) 
= d{d{x)y) + d{xd{y)) 
= d'^{x)y + d{x)d{y) + d{x)d{y) + xd^{y) 
= d'^{x)y + 2d{x)d{y) + xd\y). 
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Assume Leibniz' rule holds for (n - 1) i.e., if N is{n- l)!-torsion free, then 
d--\xy)=d--\x)y + ...+^-'Ci-i(r-'{x)cl^-'{y)+''-'Cid^-'-'{x)d'{y) + ... + xr-\y). 
Since n!-torsion freeness implies (n - l)!-torsion freeness, by (2.4.5) we have 
d"{xy)=d{d--\xy)) 
= d{d-~\x)y + ... +"-1 Ci.idr-'{x)d^-'{y) +"-^ Cid"-'-\x)d'{y) 
+ ... + xd'^-^y)) 
= d{d^-\x)y) + ... +"-1 Ci.id{dP''{x)d^-\y)) +"-^ Qd{d^-'-\x)d^iy)) 
+ ...+d{xd"-'^{y)) 
= d-{x)y + dP-\x)d{y) + ... +"-1 Ci_i(d"-'+i(a;)(f-i(y) + dr-'{x)d'{y)) 
+"-1 Ci{d''-\x)d^{y) + d"-'-Ha;)d'^'(y)) + - + d{:x)d''-\y) + a;d"(y) 
= d"(a;)r/ + ... +"-1 Q_id"-'+H^)rf'"'(2/) + " ' ' a_id"-^(x)(f (2/) 
+"-^ Cid^-\x)d\y) +"-1 aid"-*-^(x)d^+ny) + - + ^<^{y) 
= d^{x)y + ... +"-1 C'i_id»-»(a;)d'(y) +"-^ Cid"-'(x)(^'(y) + ... + xd'^ixj) 
= d^{x)y + ... + ["-^Q_i +"-^ a]d"-»(j)cf (y) + ... + a;d"(y) 
= a!"(a;)y + ... +" Cid''-\x)d^{y) + ... + a;d"(y). 
Lemma 2.4.4. Let A'^  be a near-ring with center Z{N), and let d be a derivation on 
A^ . Then D{Z{N)) C Z{N). 
Proof. From Lemma 2.2.3, for any z E N and x € A', we have xd(2:) + zd{x) = 
a;d(2) + d{x)z = d(a;2) = d(za;) = d{z)x + zd{x). It follows that xd{z) — d{z)x, that is, 
d{z) e Z{N). 
Lemma 2.4.5. Let n > 2, and let A^  be a n!-torsion free near-ring and d be a deriva-
tion with d"(A) = {0}. Then for each y & N, either d{y) = 0 or there exists 0 < fc < n 
such that d'' {y) is non-zero divisor of zero. 
Proof. Since n!-torsion freeness implies ( n - l)!-torsion freeness, we may assume that 
d"~^(A) 7^  {0}, in which case we choose XQ such that d^~^{xo) ^ 0. Assume d{y) / 0. 
Then there exists A; with 0 < fc < n for which d*(y) ^ 0 and d''~^^{y) = 0. Using Leibniz' 
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rule we obtain 
0 = d'^ixod'-'iy)) 
= r{xo)d'-'{y) +- C,d^-\xo)d''{y) +^ C2d--\xo)d^^\y) + ... 
= -Cid--\xQ)d\y) 
= nd''-\xQ)d\y). 
We get (i""^(a;o)<i'^ (y) = 0 since TV is n!-torsion free. So d^[y) is a non-zero divisor of 
zero. 
We are now in a position to prove the following theorem: 
Theorem 2.4,2 ([71, Theorem 2]). Let n be an integer > 1 and A'' be a prime near-ring 
with center Z{N), and let A'' be n!-torsion free and d is a derivation with d"(iV) = {0}. 
Then d{Z{N)) = {0}. 
Proof. If n = 1, there is nothing to prove. If n > 2, suppose d{Z{N)) ^ {0}. We 
choose z G Z{N) such that d{z) ^ 0. By Lemma 2.4.4 and Lemma 2.4.5, there exists a 
positive integer k such that d}^{z) is a non-zero divisor of zero contained in Z{N). On 
the other hand, d{z) could not be a divisor by Lemma 1.4.3. The contradiction proves 
that d{Z{N)) = {0}. 
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C H A P T E R 3 
(cr, r)-Derivations in Near-Rings 
3 . 1 I n t r o d u c t i o n 
This chapter is devoted to the study of (cr, T)-derivations and symmetric 
bi-(cr, r)-derivations in near-rings. Results of this chapter are based on the work of 
Ashraf & Shakir [8],[9], Ashraf et.al. [12], Ceven & Ozturk [32] and Golbasi & Aydin 
[46] etc. 
There are several results asserting that prime near-rings with certain constrained 
derivation have ring like behaviour. Recently, many authors have studied commuta-
tivity and structures of prime and semiprime rings with derivations, biderivations and 
other kind of derivations. In view of these results, it is natiu-al to look for comparable 
results on near-rings and some results have already been done during last two decades 
( see for example [12], [14], [16], [25] and [26] where further references can be found). 
The aim of this chapter is to study commutativity of near-rings in the setting of (<r, r)-
derivations. 
Section 3.2 begins with the definition of (a, r)-derivation in near-ring. Besides prov-
ing some results of commutativity, we also study a classical result of Herstein [47] in the 
setting of {a, T)-derivation of prime near-rings. Further, in Section 3.3, beside analog of 
Leibniz' rule [71], extension of Posner's theorem [65] for (cr, r)-derivations in near-rings 
are given. Finally, Section 3.4 begins with the notion of symmetric hi-{cr, r)-derivation 
in near-rings and further, some recent results due to Ceven and Ozturk [32] are pre-
sented. 
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3.2 Commutativity of prime near-rings 
Throughout the present section, a and r will denote automorphisms of A^ . 
Following [53], an additive mapping d : N —> N is called a a-derivation if 
d{xy) = cr(x)d(y) + d{x)y holds for all x,y € N. 
Inspired by the definition of o--derivation, the notion of (cr, r)-derivation was intro-
duced by Ashraf et.al. [12] as foUows: 
Definition 3.2.1. An additive mapping d : N —> N is called a (cr,r)-derivation if 
d{xy) = a{x)d{y) + d{x)T{y) holds for all x,y e N. 
In case a = I, the identity mapping on N, d is known as ( 1 , T ) derivation or r-
derivation. Similarly, if r = / , the identity mapping on A^ , d is called a (cr, 1) derivation 
or cr-derivation. It is straight forward to see that an (/, /)-derivation is ordinary deriva-
tion, where / is the identity mapping on A''. Clearly, the notion of a {a, r)-derivation 
includes the concepts of cr-derivation (resp. r-derivation) given by Kamal [53]. 
Remark 3.2.1. For any x,y e N, the symbol [x,y](y,T will denote the (cr,r) commuta-
tor a{x)y — yr{x). Also, a {a, r)-derivation d : N —> N is said to be {a, r)-commuting 
if [x, d{x)]a,r = 0 for all a; 6 N. 
We begin with the following important lemmas obtained in [12] which are es-
sential for developing the proof of the main theorems of this section. 
Lemma 3.2.1. An additive endomorphism d on a near-ring AT is a (cr, r)-derivation if 
and only if d{xy) = d{x)T{y) + a{x)d{y), for all x,y e N. 
Proof. Let d be a (a, r)-derivation on a near-ring A''. Since x{y + y) = xy + xy, we 
obtain 
d{x{y + y)) = (T{x)d{y + y) + d{x)T{y + y) 
= (T{x)d{y) + (r{x)d{y) + d{x)T{y) + d{x)T{y), for all x,y e N. 
(3.2.1) 
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On the other hand, we have 
d{xy + xy) = d{xy) + d{xy) 
= a{x)d{y) + dix)T{y) + cr{x)d{y) + d{x)r{y), for all x,y € N. 
(3.2.2) 
Combining (3.2.1) and (3.2.2), we find that 
(T{x)d{y) + d{x)T{y) = d{x)T{y) + cr{x)d{y), for aU x,y e N. 
Thus, we have 
d(xy) = d{x)T{y) + a{x)d{y), for aU x,y e N. (3.2.3) 
Conversely, let d{xy) == d{x)T{y) + a{x)d{y), for all x,y e N. Thus, we have 
d{x{y + y)) = d{x)T{y + y) + (T{x)d{y + y) 
= dix)T{y) + d{x)T{y) + (r{x)d{y) + a{x)d{y), for aWx.yeN. 
(3.2.4) 
Also, 
d{xy + xy) = d{xy) + d{xy) 
= d{x)T{y) + cr(a;)d(y) + ci(a;)r(y) + o-(a;)%), for all x,y E N. 
(3.2.5) 
Combining (3.2.4) and (3.2.5), we obtain 
d{x)r{y) + a{x)d{y) = (T(a;)d(y) + d(x)r(y), for aU x, y € iV. 
Lemma 3.2.2. Let d be a (a, r)-derivation on the near-ring N. Then N satisfies the 
following partial distributive laws: 
(i) {a{x)d{y) + d{x)T{y))z = a-{x)d{y)z + d{x)T{y)z, for all x,y,z e N. 
(ii) {d{x)T{y) + a{x)d{y))z = d{x)T{y)z + a{x)d{y)z, for all x,y,z e N. 
Proof. Note that for all x,y,z € N, we have 
d{ixy)z) = a{x)(T{y)d{z) + {(r{x)d{y) + d{x)T{y))r{z). (3.2.6) 
On the other hand, we have 
d{x{yz)) = a{x)a-{y)d{z) + (T{x)d{y)T{z) + d{x)T{y)T{z) for all x,y,z e N. 
Equating the above two equations, we find that 
{a{x)d{y) + d{x)T{y))z = a{x)d{y)z + d{x)T{y)z, for all x,y,z E N. 
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In the similar manner, (n) can be proved. 
Lemma 3.2.3. Let d be a (o", T)-derivation on N and suppose u e N is not a left zero 
divisor. If [u, d{u)]a,T = 0, then {x,u) is a constant for every x e N. 
Proof. Since u{u + x) =u'^ + ux, so we obtain 
a{v)d{x) + d{u)r{u) — d(u)r(u) + a{v)d{x), for all w, x e N. 
But [u, d{u)]a,T = 0, then above expression can be written as 
a{u){d{x) + d{u)) = a{u){d{u) + d{x)), for all u,x e N 
i.e., 
(T{u){d{x,u)) = 0, for aU a; e iV. 
Since a is an automorphism of N, a{u) is not a left zero divisor. Thus d{x,u) = 0. 
Hence {x,u) is constant, for all x & N. 
Lemma 3.2.4. Let A'^  be a prime near-ring. 
{i) Let d be a nontrivial (cr, T)-derivation on N. Then xd{N) = {0} or d{N)x = {0}, 
implies x = 0. 
(M) If A'^  is 2-torsion free and d is (cr, r)-derivation on N such that d^ = 0 and a.T 
commute with d, then d = 0. 
{iii) If N admits a non trivial (cr, r)-derivation d for which d{N) C Z{N), then c e 
Z{N) for each constant element c of A^ . 
Proof, (i) By the given hypothesis, we have xd{r) = 0, for all r E N. Replace r by 
yz, to get xa{y)d{z) + xd{y)T{z) = 0, for all y,z E N. Hence we have xa{y)d{z) = 0 
for all y, 2 e AT. Since a is an automorphism of AT, xNd{N) = {0}. Again A'' is prime 
and d{N) ^ {0}, we have x = 0. Arguing as above, we can show that d{r)x = 0, for 
all r E N, implies that x = 0. 
(n) For arbitrary x,y E N,we have (f{xy) ~ 0. After a simple calculation, we obtain 
2d{a{x))d{T[y)) = 0. Since A^  is'2-torsion free, so d{a{x))d{N) = {0}, for each x E N. 
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Hence d = Ohy using (i) and the fact that a is an automorphism. 
(in) Let c be an arbitrary constant and let x be a non constant element of N. Then 
d{x)T{c) = d{xc) e Z{N) for each non constant element x of N. This implies that 
d{x)T{c)y = yd{x)T{c), for ally 6 N. Since d(x) e Z(A^)\{0}, it follows that d{x)T{c)y = 
d{x)yr{c), for all y e iV and we conclude that d{x){yc — cy) — 0, for all y 6 iV and 
additive commutator c. Hence, using 1.4.3(i), we get the required result. 
We are now well equipped to prove the following theorems: 
Theorem 3.2.1 ([12, Theorem 2.1]). Let N have no non-zero divisors of zero. If A^  
admits a non-trivial (cr,r)-commuting (a, r)-derivation d, then (iV,+) is abeUan. 
Proof. Let c be any additive commutator. Then application of Lemma 3.2.3 yields 
that c is a constant. Moreover, for any x E N, xc is also an additive commutator, 
hence a constant. Thus, 0 = d{xc) = (x{x)d{c) + d(cc)r(c) i.e., d{x)T{c) = 0, for all 
x E N and additive commutators c. Since d{x) ^ 0 for some x E^ N, so r{c) — 0, and 
thus c = 0 for all additive commutators c. Hence (AT, -|-) is abelian. 
Theorem 3.2.2 ([12, Theorem 3.1]). Let iV be a prime near-ring admitting a non-
trivial (a, r)-derivation d for which d{N) C Z{N). Then (A ,^-(-) is abelian. Moreover, 
if A'^  is 2-torsion free and cr, r commute with d, then A'' is a commutative ring. 
Proof. Since d{N) C Z{N) and d is non-trivial, there exists a non-zero element x e N 
such that z = d{x) e .^(A'')\{0} a.nd z + z = d{x + x) e Z{N). Hence (A ,^ +) is abelian 
by Lemma 1.4.3(M). 
Assume that, N is 2-torsion free and a,T commute with d. Application of 
Lemma 3.2.2(i) yields that, 
{a{x)d{y) + d{x)T{y))r = a{x)d{y)r + d{x)T{y)r, for all x,y,r e N. (3.2.7) 
Since d{N) C Z{N), it follows that d{xy) E Z{N), for all x,y e N. Thus, d{xy)r = 
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rd{xy), for all x,y,r G N and hence 
{(T{x)d{y) + d{x)T{y))r = r{a{x)d{y) + d{x)T{y)) ,^ 2 8) 
= ra{x)d{y) + rd{x)T{y), for all x,y,r e N. 
Now, combining (3.2.7) and (3.2.8) and using the fact that (N, +) is abelian, we get 
a{x)d{y)r - ra{x)d{y) = rd{x)T{y) — d{x)T{y)r, for all r,x,y € N. (3.2.9) 
Since a is an automorphism on N and d{N) C Z{N), the equation (3.2.9) can be 
rewritten as 
d{y)a{x)r - rd{y)a{x) = d{x)rr{y) - d{x)T{y)r, for all a;, y,r e iV 
or 
d(y)(o-(a;)7^ - ra{x)) — d{x){rT{y) - T{y)r), for all a;,y,r e A''. (3.2.10) 
Suppose on contrary that N is not commutative and choose r,y e N with rT{y) -
T{y)r / 0. Let x = d(a), a e N. This yields that (T(a;) = o-(d(a)) = d{a{a)) e 
Z{N). Now (3.2.7) becomes d{y){d{a{a))r - rd{a{a))) = d^[a)[rT[y) - T{y)r), i.e., 
d'^{a){rT{y) — T{y)r) = 0 for all a G N. By Lemma 1.4.3(i), we see that the cen-
tral element d^(o) can not be divisor of zero, we conclude that d^{a) = 0, for all 
a e N. But by Lemma 3.2.4(M), this can not happen for non-trivial derivation d. Thus, 
rT{y) — r{y)r = 0, for all r^y E N. Since r is an automorphism of N, the above expres-
sion implies that rz — zr = 0, for all r,z E N. Hence N is a commutative ring. 
Theorem 3.2.3 ([12, Theorem 3.2]). Let N he & prime near-ring admitting a non-
trivial ((T, T)-derivation d such that d{x)d{y) = d{y)d{x), for all x,y e N. Then {N, +) 
is abehan. Moreover, if A^  is 2-torsion free and cr, r commute with d, then A'^  is a 
commutative ring. 
Proof. In view of the hypothesis, we have d{x + x)d{x + y) = d(x + y)d{x + x), for all 
x,y e N. This implies that d{x)d{x) + d{x)d{y) = d{x)d{x) + d{y)d{x), for all a;,y e iV 
and hence d{x)d{x, y) = 0, for all x, y e AT i.e., d{x)d{c) = 0, for all a; e A'^  and additive 
commutator c. Now, apphcation of Lemma 3.2.4(i) yields that d(c) = 0, for all additive 
commutator c. Since A^  is a left near-ring and c is an additive commutator, xc is also 
an additive commutator for all x e N. Hence d{xc) — 0, for all a; G A'' and additive 
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commutator c. Thus by Lemma 3.2.4(i), c = 0 and hence {N, +) is abelian. 
Assume now that A^  is 2-torsion free and a, r commute with d. Then applications of 
Lemma 3.2.1 and 3.2.2(i) yield that, 
did{x)y)diz) = id\x)riy) + a{d{x))d{y))d{z) 
= d^{x)r{y)d{z)+a{d{x))d{y)d(z), ior all x,y,z e N. 
This imphes that 
d\x)T{y)d{z) = d{d[x)y)d{z) - a{d[x))d{y)d{z), for all x,y,ze N. (3.2.11) 
Also, since d{x)d{y) = d[y)d{x) for all x,y e N, we find that 
d{d{x)y)d{z) = d{z)d{d{x)y) 
= d{z){d:'{x)T{y) + a{d{x))d{y)) 
= d{z)d'{x)T{y)+d{z)d{a{x))d{y) 
= d'^{x)d{z)T{y) + (r{d{x))d{y)d{z), for all x,y,ze N. 
(3.2.12) 
Combining (3.2.11) and (3.2.12), we obtain 
d'^{x){T{y)d{z) - d{z)T{y)) = 0, for all x,y,ze N. (3.2.13) 
Now replacing y by yr in (3.2.13), we get 
d^{x)r{y){T{r)d{z) - d{z)T{r)) = 0, for all r,x,y,ze N. 
Thus, d'^{x)N{r{r)d{z) - d{z)T{r)) = {0} for all r,x,z £ N. Since N is prime and r is 
an automorphism, rd{z) — d{z)r = 0 or cP(a;) — 0, for sMx £ N. But the last conclusion 
is impossible by Lemma 3.2.4(M). Hence we have rd{z) — d{z)r = 0 for all r,z E N. 
This imphes that d{N) C Z{N). Hence AT is a commutative ring by Theorem 3.2.2. 
Long ago, Herstein [47] proved that if i i is a prime ring of characteristic not 2 
which admits a non-zero derivation d such that d{x)d{y) = d(y)d{x) for all x,y E R, 
then R is commutative. In view of this result, Bell [16] studied conamutativity in prime 
near-ring AT with a non-zero derivation d for which d{xy) = d{yx) holds for all a;,y in 
some non-zero one sided ideal of N. Further, very recently Ashraf and Shakir [8] ex-
tended the above result in the setting of (a, cr)-derivation in near-rings. In fact they 
proved the following: 
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Theorem 3.2.4 ([8, Theorem 4.1]). Let TV be a 2-torsion free prime near-ring. Sup-
pose d is a non-zero (o",c)-derivation on A'' such that d{[x,y]) ~ 0, for all x,y ^ N, 
Then AT is a commutative ring. 
Proof. In view of our hypothesis, we have 
d{xy) = d{yx), for all x,y E N. (3.2.14) 
Equation (3.2.14) can be written as, 
(T{x)d{y) + d{x)a{y) = (T{y)d{x) + d{y)a{x), for all x,y e N. (3.2.15) 
Replacing x by yx in (3.2.15) and using (3.2.14), we obtain, 
cr{yx)d(y) + d{yx)a{y) = a{y)d{xy) + d{y)a(yx), for all x,y e N. (3.2.16) 
This imphes that 
a{yx)d{y) + {(r{y)d{x) + d(y)a{x))a{y) = a{yx)d{y) + a{y)d{x)a{y) + d{y)a{yx), 
for all x,y E N. Now application of Lemma 3.2.2 yields that 
d{y)a{x)(T{y) = d{y)a{y)a{x) for all a;,y € N. (3.2.17) 
Again, replace x by xz in (3.2.17) and use (3.2.17), to get 
d{y)(T(x)a{z)a{y) = d{y)a{xy)e{z) for all x.y.zE N. (3.2.18) 
This implies that 
d{y)a{x)a{[y,z])=0, for all x,y,ze N. (3.2.19) 
Since a is an automorphism of N, we find that 
a-\d{y))N{[y,z]) = {0}, for aU y,z e N. (3.2.20) 
This yields that for each fixed y E N either d{y) = 0 or [y, z] = 0, for all z € N 
i.e., for each fixed y E N, either d{y) = Q or y E Z{N). But y E Z{N) implies that 
d{y) E Z{N) for all y E N. Therefore, in both cases we find that d(y) E Z{N) for all 
y E N. Thus by Theorem 3.2.2, A'" is a commutative ring. 
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Theorem 3.2.5 ([8, Theorem 4.2]). Let N he a. 2-torsion free prime near-ring. Sup-
pose d is a non-zero (cr, cr)-derivation on N such that d{x oy) = 0 , for all s, y e iV, 
then A'^  is a commutative ring. 
Proof. For aMx,y £ N, we have 
d{x qy)=0 i.e., d{xy) = -d{yx), for all x,yeN. (3.2.21) 
This implies that, 
a{x)d{y) + d{x)a{y) = -{cr{y)d{x) + d(y)a(a:)), for all x,y e N. (3.2.22) 
Replacing x by yx in (3.2.22), we get 
(r{yx)d{y) + d{yx)a{y) = -{a{y)d{yx) + d{y)a{yx)), for all x,y e N. (3.2.23) 
In view of Lemma 3.2.2, and relation (3.2.21) we find that 
(r{yx)d{y) + {a{y)d{x) + d{y)a{x))a{y) = ~{(r{y){-d{xy)) + d{y)a{yx)) 
= -{a{-y)d{xy) + diy)ar{yx)) 
= -{-(^{y)d{xy) + d{y)cr{yx)) 
= <^{y){(^{^)d[y) + d{x)(T[y)) - d{y)(T{yx) 
= (T{y)a{x)d{y) + a{y)d{x)a{y) - d{y)a{yx). 
The above expression yields that 
d{y)a{x)a{y) = -d{y)a{yx), for all x,y e N. (3.2.24) 
Again replace x by xz in (3.2.24) and use (3.2.24), we obtain 
d{y)a{x)(T{z)a{y) = d{y)a{x)a{y)(T{z), for all x,y,ze N. (3.2.25) 
That is, 
d{y)a{x)&{[y, z]) = 0, for all x,y,z e N. 
Now, using the same arguments as used after equation (3.2.19) in Theorem 3.2.4, we 
get the required result. 
Corollary 3.2.1. ([8, Corollary 4,1]) Let iV be a 2-torsion free prime near-ring. Sup-
pose that d is a non-zero derivation on A^  such that d{[x,y]) — 0, for all x,y e N or 
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d{x o y) = 0, iov a\\ x,y e N. Then AT is a commutative ring. 
Remark 3.2.2. Conclusion of the above results need not be true even in the case of 
arbitrary rings. The following example due to Ashraf and Shakir [8] justifies the fact: 
Example 3.2.1. Let R = Ri ® R2, where Ri is a non-commutative ring and R2 is a 
commutative domain of characteristic 2 with identity admitting a non-zero derivation 
5. Define a map d : R —> R such that d((o, 6)) = (0,5{b)). Then it is easy to see that 
d satisfies the properties d{[x,y]) = 0 and d{xoy) = 0, for all x,y e R. However, R is 
not a commutative ring. 
3.3 Leibniz' formula and Posner's theorem for 
{a^ r)-derivations in near-rings 
This section contains the analogs of Posner's theorem [65] and Leibniz' formula 
for prime near-ring in the setting of (o", r)-derivation obtained by Ashraf & Shakir [8] 
and [9]. Also, some more results obtained by Golbasi & Aydin [46] have been discussed. 
To facilitate our discussion, we begin with the following results: 
Lemm^a 3.3.1 ([9, Proposition 2.1]). Let N he a prime near-ring. If d is a (<T, (T)-
derivation on A^ , then d{Z{N)) C Z{N). 
Proof. For arbitrary a; € AT and z € Z{N), we have d{xz) = (T{x)d{z) + d{x)a{z), for 
all x e N. Since cr is an automorphism and z is central, the above expression can be 
rewritten as 
d{xz) =a{x)d{z)-^a{z)d{x), ior all x e N and z e Z{N). (3.3.1) 
On the other hand, in view of Lemma 3.2.1, we have 
d{xz) = d{zx) = d{z)a{x) -f o{z)d{x) for allx^N and z G Z{N). (3.3.2) 
Combining (3.3.1) and (3.3.2), we get (r{x)d{z) = d{z)a{x) for all x ^ N. Taking 
x ~ o-~^{y) in the last expression, we find that yd{z) = d{z)y, for all y e N i.e., 
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d{z) e Z{N). 
Theorem 3.3.1 ([46, Theorem 4]). Let / / be a 2-torsion free prime near-ring, di a 
(cr, r)-derivation on N and d2 a derivation on N. If did2{N) = {0}, then di = 0 or 
d2 = 0. 
Proof. For x,y E N^v/e have 
0 = did2{xy) 
= di{xd2{y) + d2{x)y) 
= cr{x)did2{y) + di{x)T{d2iy)) + (T{d2{x))di{y) + did2{x)r{y). 
That is, 
di{x)r{d2{y)) + (T{d2{x))di{y) = 0, for all x,y e N. (3.3.3) 
If we take ^2(0:) instead of x in (3.3.3), then we have 
a{dl{x))di{y) = 0, for all x,y e N. 
Using Lemma 3.2.4(i) we obtain di = 0 or ^2 = 0- I^ ^ 2 — 0) we have ^2 = 0 by Lemma 
lA.3{iv). 
Theorem 3.3.2 ([46, Theorem 5]). Let iV be a 2-torsion free prime near-ring and di 
a derivation on N and ^2 a (cr,r)-derivation on N such that ad2 — d2<J and crd\ = dia. 
If did2{N) = {0}, then di = 0 or ^2 = 0. 
Proof. By the same argument in the proof of Theorem 3.3.1, we can write 
di{(T{x))d2{y) + d2{x)di{T{y)) - 0 for all x,y e N. (3.3.4) 
Replacing x by d2{x) in (3.3.4) gind using ad2 = ^20" and adi = di<7, we have 
dl{x)di{T{y)) = 0 for all x,y e N. 
Applying Lemma 1.4.3(Mi), we obtain di = 0 or df = 0. If dl = 0, then d2 = 0 by 
Lemma 3.2.4(?i). 
Theorem 3.3.3 ([46, Theorem 6]). Let d be a non-zero (tr, r)-derivation of a prime 
near-ring iV and o 6 A^ . If [a, d{N)]a,r = {0} then d{a) = 0 or o e Z{N). 
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Proof. By hypothesis, 
d{ax)T{a) — a{a)d(ax) for all x e N. 
This yields that 
{a{a)d{x) + d{a)T{x))T{a) = a{a){a{a)d{x) + d{a)T{x)) for ail x e N. 
Since A^  satisfies partial distributive law by Lemma 3.2.2, we get 
a{a)d(x)T{a) + d(a)r(a;)r(a) = (T(a)a{a)d{x) + a{a)d{a)T{x). 
Using the hypothesis, we have 
a{a)a{a)d{x) + d{a)T{x)T{a) = a{a)a(a)d{x) + d{a)T{a)T(x), 
that is 
d{a)T{[x, a]) = 0 for all x e N. (3..3.5) 
Replacing x by xy in (3.3.5) and using (3.3.5), we obtain 
d(a)r(a;)r([y,a]) = 0 for all x,y E N. 
Since r is automorphism of N, the last expression yields that d{a) = 0 or a G Z(N). 
In [65], Posner proved that in a 2-torsion free prime ring, if the iterate of two 
derivations is a derivation, then atleast one of them must be zero. In the year 1994, 
Wang [71] extended the above mentioned result for near-rings. The following theorem 
due to Ashraf and Shakir [9] generalizes the result due to Wang [71]. 
Theorem 3.3.4 ([9, Theorem 2.1]). Let A^  be a 2-torsion free prime near-ring and a, r 
be automorphisms on A'^ . Suppose di and ^2 are {a, r ) - derivations on N such that the 
iterate did2 is also a (cr, r)-derivation on A^ . If cr^  = tr, T"^ = r and cr, r commute with 
di and d2, then the following are equivalent 
(?•) either di = 0 or ^2 = 0 
(n) [di{x),d2{y)] = 0, for all x,y e N. 
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Proof. Clearly, (i) ^ (M). We prove that (n) =^ (i). By our hypothesis, we have 
did2{xy) = a{x)did2{y) + did2{x)T{y), for all a;,y e N. (3.3.6) 
Also, di and ^2 both are {a, r)-derivations, so 
dMxy) = di{d2{xy)) 
= di{a{x)d2iy) + d2{x)T{y)) 
= di{a{x)d2{y)) + di{d2{x)T{y)) 
= (7\x)did2{y) + di{<j{x))T{d2{y)) + (T{d2{x))d^{T{y)) + dxd2{xy{y). 
Since cr^  = o", r^ = r and O-,T commute with di and ^2) the above expression implies 
that 
did2{xy) = (r{x)did2{y)+di{a{x))d2{T{y))+d2{(T{x))di{T{y))+did2{x)T{y), for allx.y € N. 
(3.3.7) 
Combining (3.3.6) and (3.3.7), we obtain 
di{a{x))d2(T{y)) + d2{a{x))di{T{y)) = 0 for all x,y e N. (3.3.8) 
Setting X = a~^{d2{z)) in (3.3.8), we find that 
did2{z)d2{T{y)) + d^(2)di(T(y)) = 0 for all y,zeN. (3.3.9) 
Replacing x by o-~^(z) and y by T~^(2) in (3.3.8), we find that 
di{z)d2{T{y)) + d2{z)di{T{y)) = 0 for all y,zeN, (3.3.10) 
and 
di{a{x))d2iz) + d2{a{x))di{z) = 0 for all x,zeN. (3.3.11) 
Again replacing x by a{x)d2{z) in (3.3.8) and using the given hypothesis, we obtain 
0 = [a\x)d^d2iaiz)) + dr{a{x))d2{r{a{zmd2{T{y)) 
+ [(T''{x)4{(T{z))+d2{a{x))d2{T{a{z)))]di{r{y)), for all x,y,ze N. 
(3.3.12) 
Taking z = (T~^{t) in (3.3.12), using Lemma 3.2.2 and the fact that a"^ = a, and cr,r 
commute with di, ^2, we get 
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0 = a{x)did2{t)d2{T{y)) + di(cr(x))d2(T(t))d2(T(y)) 
+ a{x)dl{t)di{T{y)) + d2{(r{x))d2{T{t))di{r{y)), for all x,y,t e N. 
(3.3.13) 
Combining (3.3.9) and (3.3.13), we find that 
di{a{x))d2{T{t))d2{r{y))+d2{a{x))d2{T{t))diiT{y)) = 0, for all x,y,te N. (3.3.14) 
Setting t = T-\z) in (3.3.14), we have 
di{a{x))d2{z)d2{T{y)) + d2{(x{x))d2{z)di{T{y)) = 0, for all x,y,ze N. (3.3.15) 
Application of relations (3.3.10) and (3.3.11) yield that 
0 = {-d2{a{x))d,{z))d2{r{y)) + d2{a{x)){-d,{z))d2{T{y)) 
= d2{a{x)){-di{z)d2{T{y)) - d^{z)d2{T{y))), for all x,y,z e N. 
(3.3.1G) 
Since a is an automorphism of N, the above expression implies that 
d2{N){-d,{z)d2{T{y)) - d,{z)d2{T{y))) = {0}, for all y,z e N. 
AppHcation of Lemma 3.2.4(i) yields that 
di{z)d2ir{y)) + d^{z)d2{T{y)) = 0, for all y,zeN. (3.3.17) 
Using our hypothesis and the fact that N is zero-symmetric left near-ring, we find that 
d,{z)d2{r{y)) = {-d,{z))d2{T{y)) 
= d,{-z)d2{r{y)) 
= d2{T{y))d,{-z) 
= d2{r{y)){-d,{z)) 
= -d2{T{y))d,{z) 
= -di{z)d2{T{y)), for all y,zeN. 
That is, 2di{z)d2{r{y)) = 0, for all y,2 € A^ . Since A^  is 2-torsion free and r is an 
automorphism of N, the last expression gives that di(2)^2(2/1) = 0, for all yi,2 € A. 
This implies that di{z)d2{N) = {0}, for all z E N. But if dj 7^  0 then we find that 
di = 0 . 
Corollary 3.3.1 ([9, Corollary 2.1]). Let A'^  be a 2-torsion free prime near-ring and 
a, T be automorphisms on N with a^ = a, r^ = r. Suppose d is a (cr, r)-derivation on 
47 
N and a, r commute with d. If (f = 0, then d = 0. 
Proof. By hypothesis, we have (P{xy) = 0, for all x,y E N. Since d is a {a, r)-derivation 
and N is 2-torsion free, a simple calculation yields that d{a{x))d{r{y)) = 0, for all 
x,y e N. This implies that d{r)d{s) = 0, for all r ,s 6 AT and hence [d{r),d{s)] = 0, for 
all r,s e N. Thus by Theorem 3.3.4, we obtain d — Q. 
Remark 3.3.1. Above result need not be true if A'' is n-torsion free with n > 2 even 
for rings. This statement can be verified with the following example: 
Example 3.3.1 ([9, Example 2.1]). L e t R = | [ ^ ^ j\x,y,z,we GF{p) \ bearing 
of 2 X 2 matrices over GF(p) where p > 3, prime integer. Let d be an inner derivation 
of A'^  determined by en and a,T be identity automorphisms of R. Define a mapping 
d : R —> R such that d{a) = [ei2,a], for all o € i?. Then it can be easily seen that R 
is 3-torsion free and d^{R) = {0}, but d{R) / {0}. 
Theorem 3.3.5 ([9, Theorem 2.2]). Let A^  be a 2-torsion free prime near-ring and 
a,T be automorphisms of A^ . Suppose di and d2 are ((T, r)-derivations on A^  such that 
a and r commute with di and d2 both. If did2{N) = {0} then either di = 0 or d2 = 0. 
Proof. Assume that di ^ 0. By our hypothesis, we have 
did2(a;) = 0, for all x 6 AT. (3.3.18) 
Replacing x by xy in last equation and using the fact that a, r commute with di and 
d2, we get 
(r^{x)did2{y)+a{di{x))T{d2{y))+(T{d2{x))T{di{y))+did2{xy{y)=Q, for alla;,y e .'V. 
(3.3.19) 
Apphcation of (3.3.18) yields that 
a{di{x))T{d2{y)) + (T(d2(a;))r(di(y)) = 0, for all x,y e N. (3.3.20) 
Taking x = a-\d2{x)) in (3.3.20) and using (3.3.18), we find that d^(a;)r(di(y)) = 
0, for all a;,y e A''. This imphes that r-\d^{x))di{y) = 0 i.e., r-^(d^(a;))di(A^) = {0}, 
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for all a; e iV. By application of Lemma 3.2.4(i), we obtain r ^{dl{x)) = 0, for all 
X e N and hence dUx) = 0 for all x e N. Thus by Corollary 3.3.1, we get ^2 = 0. 
Theorem 3.3.6 ([9, Theorem 2.3]). Let N be a prime near-ring and a, r be automor-
phism of N. Suppose di and ^2 are (cr, r)-derivations on A^  such that iterate did2 is 
also a {a, r)-derivation on A''. If <7^  = a, r^ = r and cr, r commute with di and ^2, then 
d2di is also a (a, r)-derivation. Moreover if d2<^i(-^) = {0}j then either di = 0 or ^2 = 0. 
Proof. For arbitrary x,y E N,we have 
d2di{xy) = d2{di{xy)) 
= d2{a{x)di{y) + di(x)T(y)) 
= a\x)d2d^{y) + d2{cr{x))di{T{y)) + di{a{x))d2{T{y)) + d2di{x)r\y). 
(3.3.21) 
Combining (3.3.8) and (3.3.21) and using the fact that cr^  = cr and r^ = r, we get 
d2di{xy) = cr{x)d2di{y) + d2di{x)T{y), for all x,y e N. 
Hence, ^2^1 is a derivation. 
If, d2di{x) = 0, for all x E N, then using similar techniques as we have used in the 
proof of Theorem 3.3.5 with necessary variations, we get the required result. 
The Leibniz' formula has been obtained by Wang [71] for derivation in near-
rings. In the year 2008, Ashraf and Shakir [8] extended this result for (cr, r)-derivation 
in near-ring as follows: 
Theorem 3.3.7 ([8, Theorem 3.1]). Let A/' be a near-ring and d a (cr, r)-derivation 
on A^ . If both a and r commute with d", for all positive integer n > 1, then for all 
x.yeN 
n 
d'^ixy) = J2 ''Crdr-^{cr^{x))dr{r^-^{y)). 
r=0 
Proof. By Lemma 3.2.1, we have 
d{x)T{y) + na{x)d{y) = na{x)d{y) + d{x)T{y), for all x, y e A^ . (3.3.22) 
This imphes that 
nd{x)r{y) + na{x)d{y) = n(d(a;)r(y) + a{x)d{y)), for ail x,y E N. (3.3.23) 
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Now we apply induction on n. When n = 2, we get 
(f{xy) = d{d{xy)) 
= d{d{x)T{y) + (T{x)d{y)) 
= d^{xy{y) + a{d{x))d{Tiy)) + d{a{x))T{d{y)) + cT^{x)d?{y)), for all x,y e N. 
(3.3.24) 
Since a, and r commute with d, equation (3.3.24) reduces to 
d\xy) = d\x)T\y) + 2d{a{x))d{T{y)) + (T\x)d\y), for all x.yeN. 
This implies that 
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d\xy) = Y^ ^Crd^-'-{a'{x))dr{T^-'{y)), for all x,y e N. (3.3.25) 
r=0 
Assume that Leibniz' rule holds for n — 1, then 
n - l 
d^'-'ixy) = Y^ ''-iad"-'-^((r'-(a;))cf ( r"- ' - i (y)) , for all x,y e N. (3.3.26) 
r=0 
That is, 
cZ"-i(a;j/) = dr-\x)r''-\y) + ... +""1 a_i<r-»(cr'-i(x))d'-i(r"-'(y)) 
+"-^ Cid"-*-^((7*(x))d^(T''-'-i(y)) + ... + (7"-i(x)d"-i(y) for aU a:,y G ^^ 
(3.3.27) 
By application of (3.3.23), the above expression yields that 
d"(a;y)=d(rf"-i(a;y)) 
= d(d"-i(x)r"-i(y) + ... +"-^ (7i_id"-»((7'-i(x))(f-Hr"-*(y)) 
+"-1 Qd"-^-n<^'(a;))d*(r"-^-H2/)) + ... + a"-i(x)d"-Hy)) 
= d(d"-i(a:)r"-Hy)) + ... +"" ' Ci_id(d"-'(a*-i(a;))d'-nT"-*(y))) 
+"-^Cid(ci"-»-i((T'(x))d'(T"-'-i(y))) + ... + d((7"-^(i)d"-i(j/)) for aU x,y € iV. 
This impHes that 
d^(xy) = d"(x)r"(2/) + ... + ? - ! a-irf"~'(o-*(a;))d'(r"-'(y)) 
+"-1 a<f-*(o-'(x))cf (r"-*(y)) + ... + a"(a:)(r(y) 
- dr{x)T^{y) + ... + [--1^-1 +"-1 a]d"-»((7^(rE))d^(r"-^(y)) + ... + ^"(a;)d"(y) 
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positive integer i, 0 <i <n such that cP{z) is a non-zero divisor of zero contained in 
the center Z{N). Since N is a prime near-ring, <f (2) cannot be a zero divisor. This 
contradiction shows that d{Z{N)) = {0}. 
Remark 3.3.2. The conclusion of above result need not be true even for arbitrary 
rings with a =^ I, the identity mapping on N. This can be shown with the help of 
following example due to Ashraf and Shakir [8]: 
Example 3,3.2, Let S be any ring. Next, let R=.{ 0 0 0 ] \ a,b e S 
0 a 
0 0 
/ 
1 = 
\ 
b' 
0 ^ 
' 0 
0 
0 
\ 
1 
/ 
0 
0 
0 
 
a 
0 
0 
0 a b 
Define a mapping d : R —> R such that d j 0 0 0 
0 0 0 
Then, it can be easily seen that d is a derivation on R such that d'^{R) = {0}, but 
diZ{N)) ^ {0}. 
3.4 Symmetric bi-(cr, T)-derivations 
The concept of symmetric bi-derivation of a ring has been introduced in the 
year 1987 by Maksa [57]. Some recent results on properties of prime rings, semi-prime 
rinps and near-rings with derivation have been obtained in several ways (see for exam-
ple [12], [26] and [68] where other references can be looked). In [63], Oztiu-k and Jun 
introduced the concept of symmetric bi-derivation on a near-ring and studied some 
properties of prime near-rings. The concept of bi-(cr, r)-derivation of a near-ring was 
introduced by Ceven and Ozturk [32]. In this section, we shall study the properties of 
bi-(cr, r)-derivations in near-rings. 
Definition 3.4.1 (Symmetric bi-derivation). A symmetric bi-additive mapping 
d: N X N —> N is called a symmetric bi-derivation if d{xy, z) = d{x, z)y + xd{y, z) 
is fulfilled for all a;, ?/, 2 e N. 
Remark 3.4.1. If d : N x N —> N is a symmetric mapping which is also bi-additive 
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(i.e., additive in both arguments), then the trace of d i.e., the map / : A'' —>• A^" such 
that f{x) = d(x,x), satisfies the relation f{x + y) = /(x) + 2d{x,y) + f{y) for all 
x.y e N. 
Motivated by the definition of symmetric bi-derivation in near-ring Ceven and 
Ozturk [32] define symmetric bi-(cr, r)-derivation of near-ring as follows: 
Definition 3.4.2 (Symmetric bi-(cr,r)-derivation). A symmetric bi-additive mapping 
(additive in both arguments) d : NxN —> N is called a symmetric fez-(cr, r)-derivation 
if there exist automorphisms cr, r on AT such that 
dixy^ z) = d{x, z)a{y) + r{x)d{y, z) for all x,y,z E N. 
Remark 3.4.2. If (X = r = / , the identity maps on R, then d is a symmetric bi-
derivation. 
We begin with a series of lemmas obtained by Ceven and Oztiurk [32] 
Lemma 3.4.1. Let iV be a 2-torsion free near-ring, d a symmetric bi-additive mapping 
on N and / the trace of d. If f{x) —0 for all re e A'' then d = 0. 
Lemma 3.4.2. Let A^  be a 2-torsion free prime near-ring, d a symmetric bi-(cr, r)-
derivation on A^  and / the trace of d. If xd{N) — {0}, for all x E N, then x = 0 or 
d = 0. 
Proof. Since f(y + z) = f{y) + 2d{y, z) + f{z) for all y,z E N, multiplying by x from 
left hand side and using the hypothesis we have xd{y, z) — 0. Hence replace y by yu;, 
to get xT{y)d{w, z) — 0, for all x,y,w,z E N. Since r is an automorphism of A'', we get 
xNd{w, z) = {0}. Again since A^  is prime near-ring, we have re = 0 or d = 0. 
Remark 3.4.3. If d is a non trivial symmetric bi-(o-, r)-derivation of A'^  and xd{N) = 
{0}, for all x E N, then we get x = Q. 
Lemma 3.4.3. Let A^  be a near-ring. The map d is a symmetric bi-(o-,r)-derivation 
of N if and only if d{xy, z) - r{x)d{y, z) -\- d(rc, z)(y{y) for all x,y,zE N. 
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Proof. Let d be a symmetric bi-(cr, r)-derivation of A''. Since a is an automorphism of 
A'^ , we have 
d{x{y + y),z) = d{x, z)a{y + y)+ r{x)d{y + y, z) 
= d{x, z)a{y) + d{x, z)a{y) + T{x)d{y, z) 
+ T{x)d{y, z) for all x,y,z e N. 
On the other hand, we have 
d{x{y + y),z) =d{xy + xy,z) 
= d{xy, z) + d{xy, z) 
= d{x, z)a{y) + T{x)d{y, z) + d{x, z)a{y) 
+ r(x)d(y, z) for all x,y,z e N. 
Combining the above two expressions, we find that 
d{x, z)a{y) + T{x)d{y, z) = T{x)d{y, z) + d{x, z)a{y) for all x,y,z e N. 
Hence, d{xy, z) = r{x)d{y, z) + d{x, z)a{y) for all x,y,z G N. 
Converse can be proved in the similar way. 
Lemma 3.4.4. Let N he a. near-ring, d a symmetric bi-(o',r)-derivation of A^  and / 
the trace of d. Then for all x,y,z,w G N, 
(i) [d{x, z)a{y) + r{x)d{y, z)]w = d{x, z)a{y)w + T{x)d{y, z)w, 
{ii) \T{x)d{y, z) + d{x, z)a{y)]w = T{x)d{y, z)w + d{x, z)a{y)w. 
Lemma 3.4.5. Let AT be a prime near-ring, d a non-zero symmetric bi-(cr, r)-derivation 
of AT. Then d{N, N)x = {0}, for all x € iV implies x = 0 and xd{N, N) = {0} impHes 
X = 0 . 
Proof. Suppose d{y,z)x — 0 for all x,y,z G AT. Then taking yw instead of y, using 
Lemma 3.4.4(i) we have for all x,y, 2 6 AT, 
0 = d{yw, z)x 
= {d{y, z)a{w) + T{y)d{w, z))x 
= d{y, z)a{w)x + T{y)d{w, z)x 
= d{y,z)a{w)x. 
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Since a is an automorphism of iV, we have d{y,z)Nx = {0} K^ o^ -'all x^y,z e iV/Since 
A'' is prime near-ring and d is nontrivial, the last expression implies that ^asai^. If 
xd{N, N) = {0} then for all x,y,w,z £ N,we have 
0 = xd{yw, z) 
= x{d{y, z)a{w) + T{y)d{w, z)) 
= xd{y, Z)(T{W) + xT{y)d{w, z) 
= xT{y)d{w,z). 
This implies that xNd{w,z) — {0} for all x,w,z e N. Since N is prime and d is non-
trivial, the above relation yields that x = 0. 
Theorem 3.4.1 ([32, Theorem 1]). Let A'' be a prime near-ring, d a non-zero symmet-
ric bi-((7, T)-derivation of A''. If N is 2-torsion free and d{N,N) C Z{N), then N is a 
commutative ring. 
Proof. Since d{N, N) C Z{N) and d is non-zero, there exists non-zero elements 
x,y E N such that d{x,y) 6 Z(iV)\{0}. Then d{x,y + y) = d{x,y) -f d{x,y) E Z{N) 
and (A'^,+) is abelian by Lemma 1.4.3(n). Further, d{x,y) E Z{N) for all x,y E N, 
implies that zd{x, y) = d(x, y)z, for all z E N. Replacing x by xw in the last expression, 
we get 
z{d{x,y)a{w) + T{x)d{w,y)) = {d{x,y)a{w) +r{x)d{w,y))z. 
By Lemma 3.4.4(i) and d{N, N) C Z{N), we get 
d{x, y)za{w) -f- d{w, y)zT{x) — d{x, y)a{w)z + T{x)d{w, y)z for all x, y,w,z E N 
or, (A'', -t-) is abelian, we have for all x,y,w,z E N 
d{x,y)[z,a{w)] = d{w,y)[z,T{x)]. 
Taking d{u,v) instead of o-{w), for all u,v E N and since d(u,v^ E Z(^N), we have 
d{d{u,v),y)[z,T{x)] — 0 for all x,y,z,u,v E N. 
Hence by Lemma 3.4.2 we have [2,r(a;)] = 0 for all x,z e A''. So A'' is a commutative 
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ring, since r is an automorphism of N. 
Theorem 3.4.2 ([32, Theorem 2]). Let AT be a prime near-ring, d a non-trivial sym-
metric bi-(o-, T)-derivation of N and / trace of d. If [x,f{x)]^^r = 0, then (A'',+) is 
abeUan. 
Proof. Since d is a symmetric bi-(a,r)-derivation, we have 
d{x{x + y),x) = d{x,x)a{x + y)+r{x)d{x + y,x) 
= fix)(r{x) + f{x)a{y) + T{x)f{x) + T{x)d{y, x) for all x,y e N. 
Also, we have 
d{x{x + y),x) — d{x'^ + xy,x) 
— d{x'^,x) +d{xy,x) 
= f{x)(T{x) + T{x)f{x) + f{x)a{y) + r{x)d{y, x) for all x,y e N. 
Combining the above two equalities, we have 
f{x)a{y) + T{x)f{x) - T{x)f{x) + f{x)a{y) for all x,y e N. 
Since [f{x),x]^^r ~ 0, for all x,y. 6 N, we have 
f{xHy) + f{x)a{x) - f{x)(j{y) - f{x)a{x) = 0 
or, 
f{x){a{y) 4- cr{x) - a{y) - a{x)) ^ 0 for all x,y e N. 
Hence we have f{x){a{y),a(x)) = 0, for sM x,y E N. Since a is an automorphism of 
A'^  and in view of Lemma 3.4.2, we get the required result. 
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C H A P T E R 4 
Generalized Derivations on Pr ime Near-Rings 
4.1 Introduction 
Our main objective in this chapter is to describe some recent work in the area 
of the commutativity of near-rings with generaUzed derivations. The results presented 
in this chapter are based on the work of Bell [15] and Golbasi [42] & [43]. 
Section 4.2 begins with the definition of generalized derivation in near-ring and the 
results presented in this section are generalization of the results obtained earlier in the 
setting of prime rings with derivations. This study is continued in the section 4.3 also. 
Finally Section 4.4 is devoted to the study of generahzed derivation satisfying certain 
identities in near-rings. 
4.2 Generalized derivations and commutativity of 
prime near-rings 
Many analysts have studied generalized derivations in the context of algebras 
on certain normed spaces. By a generahzed derivation on an algebra A one usually 
means a map of the form x\-^ axArxb where a and h are fixed elements in A. We prefer 
to call such maps generalized inner derivations for the reason they present a generaliza-
tion of the concepts of inner derivations (i.e., the map of the form x'^ ax — xa). Now 
in a ring R, let / be a generalized inner derivation given by f{x) = ax + xb. Notice 
that f{xy) = f{x)y + Ib{y), where Ib{y) =yb-by is an inner derivation. Motivated by 
this observation Bresar [31] introduced the notion of generalized derivation in rings as 
follows: 
Definition 4.2.1 (Generahzed derivation). An additive mapping / : R —y R is called 
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a generalized derivation on a ring R if there exists a derivation d : R —>• R such that 
f{xy) = f{x)y + xd{y) holds for all x,y e N. 
The concept of generalized derivation covers both the concepts of derivation 
and generalized inner derivation. Motivated by this, Golbasi [42] introduced general-
ized derivation in near-ring as follows: 
Definition 4.2.2 (GeneraUzed derivation in near-rings). Let AT be a near-ring, d a 
derivation of A'". An additive mapping / : N —> N is said to be a right generalized 
derivation of N associated with d if 
f{xy)=^f{x)y + xd{y), for all x,y e R, (4.2.1) 
and / is said to be a left generalized derivation of N associated with d if 
f{xy) = d{x)y + xf{y), for aU x,y e R. (4.2.2) 
/ is said to be a generalized derivation of N associated with d if it is both a left as 
well as a right generahzed derivation of A'^  associated with d. 
Remark 4.2.1. Throughout this chapter {f,d) will denote generahzed derivation / 
on a near-ring A'^  associated with d. 
We begin with the following preliminary lemmas regarding generalized derivations 
in near-rings earlier obtained by Golbasi [42]. 
Lemma 4.2.1 {i). Let (/, d) be a right generahzed derivation of a near-ring A^ . Then 
f{xy) = xd{y) + f{x)y for all x,y G N. 
(u). Let (/, d) be a left generahzed derivation of near-ring A''. Then f{xy) = xf{y) + 
d{x)y for all x,y E N. 
Proof {i). For any x,y E N, we get 
f{x{y + y)) = fix){y + y) + xd{y + y) 
= f{x)y + f{x)y + xd{y)+xd{y). 
On the other hand, 
f{xy + xy) = f{x)y + xd{y) + f{x)y + xd{y). 
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Comparing these two expressions, we obtain 
f{x)y + xd{y) = xd{y) + f{x)y, 
and so, 
f{xy) = xd{y) + f{x)y, for all re, y G A^ . 
(M). For any x,y ^ iV, we get 
fi^iy + y)) = d{x){y + y) + xf{y + y) 
= d{x)y + d{x)y + xf{y) + xf{y). 
On the other hand, 
f{xy + xy) = d{x)y + xf{y) + d{x)y + xf{y). 
Comparing these two expressions, we obtain 
d{x)y + xf{y) ^ xf{y) + d{x)y, 
and so, 
f{xy) = xf{y) + d{x)y, for all x,y e N. 
Lemma 4.2.2 (i). Let {f,d) be a generalized derivation of near-ring N. Then 
if{x)y + xd{y))z = f{x)yz + xd{y)z, for all x,y,ze N. 
{n). Let {f,d) be a generalized derivation of near-ring N. Then {d{x)y + xf{y))z 
d{x)yz + xf{y)z, for all x,y,z E N. 
Proof (i). For all x,y,z E N, we get 
f{{xy)z) = !{xy)z + xyd{z). 
On the other hand, 
f{x{yz)) = f{x)yz + xd{yz) 
= f{x)yz + xd{y)z + xyd{z). 
From these two expressions of f{xyz), we obtain that, for all x,y,z G N, 
{f{x)y + xd{y))z = f{x)yz + xd{y)z. 
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(ii). For a\lx,y,z e N, we get 
f{{xy)z) = f{xy)z + xyd{z) = {d{x)y + xf{y))z + xyd{z). 
On the other hand, 
f{x{yz)) = d{x)yz + xf{yz) 
— d(x)yz + xf{y)z + xyd(z). 
Prom these two expressions of f{xyz), we obtain that, for all x,y,z e N, 
{d{x)y + xf{y))z = d{x)yz + xf{y)z. 
Lemma 4.2.3. Let A'' be a prime near-ring, {f,d) be a non-zero generahzed derivation 
of N and a e N. 
(z) if af{N) = {0} then a = 0. 
{ii) if f{N)a = {0} then a = 0. 
Proof (i). For all x,y E N, we get 
0 = af{xy) = af{x)y + axd{y). 
and so, 
aNd{N) = {0}. 
Since A^  is prime near-ring and d ^0,vfe obtain a = 0. 
{a). For ail x,y E N, we get 
0 = f{xy)a ^ d{x)ya + xf{y)a, 
and so, 
d{N)Na = {0}. 
Since A^  is prime near-ring and d ^Q,vfe obtain a = 0. 
We are now in position to prove the following theorem: 
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Theorem 4.2.1 ([42, Theorem 2.6]). Let {f,d) be a generalized derivation on a prime 
near-ring A'^ . If f{N) C Z{N) then {N, +) is abelian. Moreover, if N is 2-torsion free, 
then A'' is a commutative ring. 
Proof. Suppose that ae N such that / (a) / 0. So, f{a) E Z{N) \ {0} 
and /(a) + / (a) € Z{N) \ {0}. For all x,y e N, we have 
{x + y){fia)-+fia)) = {f{a) + f{a)){x+ y), 
that is, 
xf{a) + xf{a) + yfia)+yfia) = f{a)x + f{a)y + f{a)x + f{a)y. 
Since f{a) e Z{N),we get 
f{a)x + f{a)y = f{a)y + f{a)x, 
and so, 
f{a){x,y) = 0 for all a;, y e iV. 
Since /(a) € Z{N) \ {0} and A'^  is a prime near-ring, it follows that {x,y) = 0, 
for all a;, y 6 A^ Thus (A', +) is abelian. 
Using the hypothesis, for any x,z E N, 
zfixx) = f{xx)z. (4.2.3) 
By Lemma 4 .2.2(M), we have 
zf{x)x + zxd{x) = d{x)xz + xf{x)z for all X,ZEN. 
Using f(N) c ^(A'^ ) and (A ,^ +) is abehan, we obtain that 
f(x)[z,x] = d{x)xz — zxd{x)^ for all x^z E N. (4.2.4) 
Substituting f{y) for z in (4.2.4), and f{N) C Z{N), we get 
0 = d{x)xf{y)-f{y)xd{x) 
= f{y)[d{x),x]. 
Using Lemma 4 .2.3(M), we get 
[d{x),x] = 0 for all XEN. (4.2.5) 
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Again, by the hypothesis, for any x,y €. N, we have 
f{xy)x = xf{xy). 
Using Lemma 4.2.2(M) 
d{x)yx + xf{y)x = xd{x)y + xxf{y). for all x,y e N. 
Since/( iV)cZ(iV), we get 
d{x)yx = xd{x)y for all x^y e N. 
Using equation (4.2.5), we have 
d{x)yx-= d{x)xy, for all x,y e N. 
Replacing y by yz in the above relation and using this equation, we get 
d{x)N[x,z] = 0 for all x,ze N. 
Hence either x e Z{N) or d{x) = 0. Let ii' = {x e N \ x e Z{N)} and 
L = {a; e A'' j d{x) = 0}. Then K and L are two additive subgroups of N whose union 
is N. However, a group cannot be the union of two of its proper subgroups, hence either 
N = K ov N = L. Since d^ 0, we are forced to conclude that A^  is a commutative ring. 
Remark 4.2.2. In the original proof presented by Golbasi [42], it has been shown 
that {N,.) is commutative after (4.2.3). In fact, by the argument given by Golbasi, the 
commutativity of (A^,.) does not follow and the proof contains many errors. However, 
it has been corrected in the similar setting after relation (4.2.3). 
In the year 1992 Daif and Bell [36] established that a semi prime ring R must 
be commutative if it admits a derivation d such that d([x,y]) = [x,y]. Motivated by 
this result Golbasi [43] studied generalized derivations in near-rings satisfying certain 
identities and obtained the following results: 
Theorem 4.2.2 ([43, Theorem 3.1]). Let (/, d) be a generalized derivation of a prime 
near-ring A^ . If f{[x,y]) — 0 for all a;,?/ 6 A^ , then A^  is a commutative ring. 
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Proof. Assume that f{[x,y]) = 0 for all x,y G iV. Substituting xy instead of y, 
obtaining 
f{[x,xy]) = fix[x,y]) = d{x)[x,y]+xf{lx,y]) = 0. 
Since the second term is zero, it is clear that 
d{x)xy = d{x)yx ior all x,y e N. (4.2,6) 
Using the same arguments as used in the proof of Theorem 4.2.1, we get that -V 
is a commutative ring. 
Theorem 4,2.3 ([43, Theorem 3.2j). Let (/,d) be a generalized derivation of a prime 
near-ring A^ . If fi[x,y]) = ±[x,y]. for all x,y e N, then JV is a commutative ring. 
Proof. Assume that f{[x,y]) = ± [x,y] for all x,y e N. Replacing y by xy in the 
hypothesis, we have 
fi[x,xy]) = ±{x'^y-xyx) = ±x[x,y]. 
On the other hand, 
fi[x,xy]) = f{x[x,y]) 
= d{x)[x,y] + xf{[x,y]) 
= d{x)[x,y] + x{±[x,y]). 
It follows from the two expressions for f([x,xy]) that 
d{x)xy = d{x)yx for all x,y E N. 
Using the same arguments as used in the proof of Theorem 4.2.1, we get that A'^  is a 
commutative ring. 
4.3 Genersdized derivations as homomorphisms 
In the present section we shall study the generalization of some well known results 
concerning derivations of prime rings to generalized derivations of prime near-rings. We 
begin with the following result due to Golbasi [43] which has its independent interests 
also. 
63 
Lemma 4.3.1. Let {f,d) and {g, h) be two generalized derivations of a prime near-ring 
N. If h is a non-zero derivation on N and f{x)h{y) — -g{x)d{y) for all x,y e N, then 
{N, +) is abelian. 
Proof. Suppose that 
f{x)h{y) + 9{x)d{y) = 0, for all x,y e N. 
We substitute y + z for y, thereby obtaining 
f{x)h{y) + f{x)h{z) + g{x)d{y) + 9{x)d{z) = 0. 
Using the hypothesis, we get 
f{x)h{y,z) =0, (ov allx,y,z e N. 
It follows by Lemma 4.2.3(n) that h{y, z) = 0, for all y, 2 e N. For any w € iV, we 
have 
h{wy, wz) = h{w{y, z)) = h{w){y, z) + wh{y, z) = 0, 
and so, 
h{w){y, z) = 0, for all w,y,z e N. 
By Lemma 1.4.3 (in) "yields that {N,+) is abelian. 
Theorem 4.3.1 ([42, Theorem 2.5]). Let (/, d) be a generalized derivation on a prime 
near-ring A'^  where d is a non-zero derivation on N. If N is 2-torsion free near-ring and 
P = 0, then / = 0. 
Proof. For arbitrary x,y E N we have 
0 = fHxy) 
= fifM) 
= f{f{x)y + xd{y)) 
= f\x)y + 2fix)diy) + xd''{y). 
By the hypothesis, 
2f{x)d{y) + xd^{y) = 0 for all x,y e N. (4.3.1) 
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Writing f{x) by x in (4.3.1), we get 
f{x)(f{y) = 0 for aU a;, y G A^ . 
By Lemma 4.2..3(n), we obtain that (P{N) = {0} or / = 0. If (P{N) = {0}, then by 
Lemma 1.4.3(iv), we arrive at a contradiction. So, we find that / = 0. 
In the year 1989 Bell and Kappe [23] proved that if d is a derivation of a semi-prime 
ring R which is also either a homomorphism or an anti homomorphism, then d = 0. 
Motivated by this result, Golbasi [43] proved the following theorem for generalized 
derivation of near-ring as follows: 
Theorem 4.3.2. Let {f,d) be a non-zero generalized derivation on a prime near-ring 
A'^ . If / acts as a homomorphism on A'', then / is the identity map on A^ . 
Proof. Assume that / acts as a homomorphism on A^ . Then we obtain 
f{xy)=f{x)f{y)=d{x)y + xf{y), for all x,y e AT. (4.3.2) 
Replacing y by yz in (4.3.2), we arrive at 
f{x)f(yz) = d{x)yz + xf{yz). 
Since (/, d) be a generahzed derivation and / acts as a homomorphism on A^ , we deduce 
that 
f{xy)f{z) = d{x)yz + xd{y)z -\- xyf{z). 
By Lemma 4.2.2 (ii), we get 
d{x)yf{z) + xf{y)f{z) = d{x)yz + xd{y)z + xyf{z), 
and so, 
d{x)yf{z) -f xf{yz) = d{x)yz + xd{y)z + xyf{z). 
That is, 
d{x)yf{z) + xd{y)z + xyf{z) = d{x)yz + xd{y)z + xyf{z). 
Hence, we deduce that 
d{x)y{f{z) - z) = 0 for all x,y,z e N. 
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Because N is prime and d^O,we have f{z) - z for all z e N. Thus, / is the identity 
map. 
Theorem 4,3.3 ([43, Theorem 3.4]). Let {f,d) be a non-zero generalized derivation 
on a prime near-ring A^ . If / acts as an anti homomorphism on A^ , then / is the identity 
map on A^ 
Proof. By the hypothesis, we have 
f{xy) - f{y)f{x) = d{x)y + xf{y) iov^W x,yeN. (4.3.3) 
Replacing y by xy in (4.3.3), we obtain 
f{xy)f{x) = d{x)xy + xf{xy). 
Since (/, d) is a generalized derivation and / acts as an anti homomorphism on A'^ , we 
deduce that 
{d{x)y + xf{y))f{x) = d{x)xy + xf{y)f{x). 
By Lemma 4.2.2 (n), we get 
d{x)yf{x) + xf{y)f{x) = d{x)xy+ xf{y)f{x), 
and so 
d{x)yf{x) = d{x)xy for all x,y E: N. 
Replacing y by yz and using this equation, we have 
d{x)N[f{x),z] = 0 ioTa]lx,zeN. 
Hence we obtain that either d{x) = 0 or f{x) € Z{N), for all x e N. By a standard 
argument, one of these must hold for all x E N. Since d ^ 0, the second possibility 
gives that N is a commutative ring by Theorem 4.2.1, and so we deduce that / is the 
identity map on A^" by Theorem 4.3.2. 
4.4 Some results on generalized derivations in near-rings 
The study of generahzed derivations have received significant attention in recent 
years. In [26], Bell and Mason initiated the study of derivations in near-rings. Further, 
66 
Bell [15] and Golbasi [42], [43] studied generalized derivations in near-rings. We begin 
with the following results due to Golbasi [43]. 
Theorem 4.4.1. Let {f,d) be a generalized derivation of a prime near-ring A'^  such 
that d{ZiN)) 7^  {0}, and aeN.K [f{x),a] = 0 for all x e N, then a e Z{N). 
Proof. Since d{Z{N)) ^ {0}, there exists c G Z{N) such that d{c) ^  0. Furthermore, 
as d is a derivation, it is clear that d{c) e Z{N). Replacing x by ex in the hypothesis 
and using Lemma 4.2.2(M), we have f{cx)a = af{cx) i.e., 
d[c)xa-\-cf{x)a = ad{c)x +acf{x). 
Since c e Z{N) and d{c) G Z{N), we get 
d{c)N\x,a] = 0 for all a; e A^ . 
By the primeness of N and 0 ^ d{c) € Z{N), we obtain that a G Z{N). 
Theorem 4.4.2. Let {f,d) be a generalized derivation of a prime near-ring N and 
aeN.li [f{x),a] = 0 for all x E N, then d(a) € Z{N). 
Proof. If a = 0, then there is nothing to prove. Hence we assume that o ^ 0. Replacing 
x by ax in the hypothesis, we have f{ax)a = a/(ax) i.e., 
d{a)xa + af{x)a = ad{a)x + aaf{x). 
Using f{x)a — af{x), we have 
d{a)xa = ad(a)a; for all x E N. 
Taking xy instead of x in the last equation and using this, we conclude that 
d{a)N[a,y] = 0 for all y E N. 
Since A'' is a prime near-ring, we have either d{a) = 0 or a G ^(A'^). If 0 / aE Z{N), 
then (A ,^ +) is abelian by Lemma L4.3(n). Thus f{xa) = f{ax), and hence 
f{x)a + xd{a) = d{a)x + af{x), 
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this implies that, 
[d{a),x] - 0 foraU x e N. 
That is, d{a) e Z{N). Hence in either case we have d{a) E Z{N). 
Theorem 4.4.3. Let (/, d) and (g, h) be two generalized derivations of a prime near-
ring A'^ . If N is 2-torsion free and f{x)h{y) = -g{x)d{y) for all x,y e N, then / = 0 or 
9 = 0. 
Proof. If /i = 0 or d = 0, then the proof of the theorem is obvious. So, we may assume 
that /i 7^  0 and d ^ 0. Therefore we know that (A', +) is abehan by Lemma 4.3.1. 
Now suppose that 
f{x)h{y)+g{x)d{y) = 0 (or a]lx,yeN. 
Replacing x by uv in this equation and using the hypothesis, we get 
f{uv)h{y) + g{uv)d{y) = uf{v)h{y) + d{u)vh{y)+ug{v)d{y)+ h{u)vd{y) = 0, 
and so 
d{u)vh{y) =-h{u)vd{y) tor a]lu,v,y E N. (4-4.1) 
Taking yt instead of y in the above relation, we obtain 
d{u)vh{y)t + d{u)vyh{t) = —h{u)vd{y)t — h{u)vyd{t). 
That is, 
d{u)vyh{t) = -h{u)vyd{t) for all u,v,y,t E N. (4.4.2) 
Replacing y by h{y) in (4.4.2) and using (4.4.2), we have 
h{u)N{d{y)h{t) - h{y)d{t)) = 0 for all u,y,t E N. 
Since AT is a prime near-ring and h^ 0, we obtain that 
d{y)h{t) = h(y)d{t) fova]ly,tEN. (4.4.3) 
Now again taking uv instead of x in the initial hypothesis, we get 
f(u)vh{y) + ud{v)h{y) + g{u)vd{y) + uh{v)d{y) = 0. 
68 
Using (4.4.3) yields that 
f{u)vh{y) +2uh{v)d{y) + g{u)vd{y) = 0 for all u,v,y e N. 
Taking h{v) instead of v in this equation, we arrive at 
f{u)h{v)h{y) + 2uh\v)diy)+g{u)h{v)d{y) = 0. 
By the hypothesis and (4.4.3), we have 
0 = -g{u)d{v)h{y) + 2uh'^{v)d{y)+g{u)h{v)diy) 
= -g{u)h{v)d{y) + 2uh'^{v)d{y) + g{u)h{v)d{y), 
and so, 
2uh'^{v)d{y) ^ 0 for all w,i;,y e iV. 
Since N is a 2-torsion free prime near-ring, we obtain that h^{N)d{N) = {0}. An ap-
peal to Lemma 1.4.3 (ii) and (iv) gives that /i = 0. This contradicts our assumption. 
Theorem 4.4.4. Let (/, d) and {g, h) be two generahzed derivations of a prime near-
ring A'^ . If [fg, dh) acts as a generahzed derivation on N, then / = 0 or g = 0. 
Proof. By calculating fg{xy) in two different ways, we see that 
g{x)d{y) + f{x)h{y) = 0 for all x,y 6 N. 
This completes the proof by using Theorem 4.4.3. 
In year 2008 Bell [15} established near-ring analogue of several results earher ob-
tained for derivation in near-rings by Bell and Mason [26]. We begin with the following 
lemma obtained by Bell [15] which allows us limited right distributive property in left 
near-rings. 
Lemma 4.4.1. Let N be an arbitrary near-ring and {f,d) be a generalized derivation 
of iV. Then (/(a)6 + ad{b))c = f{a)bc + ad{b)c for all a,b,ce N. 
Proof. Clearly 
f{{ab)c) = f{ab)c + abd{c) = {f{a)b +ad{b))c +abd(c); 
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and using Lemma 2.2.3, we obtain 
f{a{bc)) = f{a)bc + ad{bc) = f{a)bc + ad{b)c +abd{c). 
Comparing these two expressions for f{abc) gives the desired result. 
Remark 4.4.1. Lemma 1.4.3(w) can not be extended to generalized derivation even 
if A'' is assumed to be a ring; as we see that by letting N be the ring M2(F) of 2 x 2 
matrices over F and / be defined by f{x) = 6122:. 
However, Bell in his paper [15] proved the following results: 
Theorem 4.4.5. Let A'^  be a prime near-ring, and (/,rf) be a generalized derivation 
of N. If f = 0, then d^ = 0. Moreover, if N is 2-torsion-free, then d{Z{N)) = {0}. 
Proof. We have 
fM = f{f{x)y+xd{y)) = f{x)d{y)+fix)d{y)+xd\y) = 0 for alla:,y e N. (4.4.4) 
Applying / to (4.4.4) gives 
f{x)d\y) + f{x)d''{y) + f{x)d''{y) + xd\y) = 0, for all x,yeN. (4.4.5) 
Substituting d{y) for y in (4,4.4) gives 
f{x)d\y) + f{x)d\y) + xd\y) - 0. (4.4.6) 
Therefore, by (4.4.5) and (4.4.6), 
f{x)d^{y) = 0 for all x, y G N. (4.4.7) 
It now follows from (4.4.6) that xd^{y) — 0 for all x,y e N; and since N is prime, we 
find that d^ = 0. 
Suppose now that A^  is 2-torsion free and that d{Z{N)) ^ {0}, and let z e Z{N) be 
such that d{z) ^ 0. Then ii x,y e N and f{N)x = {0}, then 
fiyz)x = f{y)zx + yd{z)x = 0 = yd{z)x, 
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and since A^  is prime and d{z) is not a zero divisor, then a; = 0. It now follows from 
(4.4.7) that d^  = 0 and hence by Lemma 1.4.3(w) that d = 0. But this contradicts our 
assumption that d{Z{N)) ^ {0}, hence d{Z{N)) = {0}. 
Theorem 4.4.6. Let A'^  be a 2-torsion free prime near-ring with 1. If / is a generahzed 
derivation on N such that f = 0 and / ( I ) e Z{N), then / = 0. 
Proof. Note that f{x) = /(la;) = f{l)x + ld{x), so 
f{x)=cx + d{x), ceZ{N). (4.4.8) 
If c = 0, then f = d and d^  = 0, so d = 0 by Lemma lA.S{iv) and therefore / = 0. 
If c 7^  0, then c is not a zero divisor, hence by (4.4.7) d^  = 0 and d = 0. But then 
f{x) = ex and /^( i ) = c^x = 0 for all x E N. Since c^  is not a zero divisor, we get 
N = {0}, a contradiction. Thus c = 0. 
The following result obtained by Bell [15] is an extention of Theorem 1.4.2. 
Theorem 4.4.7. Let N he a 2-torsion free prime near-ring. If A'^  admits a non-zero 
generahzed derivation / such that f{N) C Z{N), then iV is a commutative ring. 
In order to develcpe the proof of the above theorem, we need the following lemma 
essentially proved in [15]. 
Lemma 4.4.2. Let iV be a prime near-ring, and let (/, d) be a generahzed derivation 
of R, where d 7^  0. If d(/(A^)) = {0}, then /(d(Ar)) = {0}. 
Proof. Assume that d{f{x)) = 0 for all a; e N. It follows that 
d{f{xy)) = d{f{x)y) + d(a;d(y)) = 0 for all a;,y e N, that is, 
f{x)d{y) + d(x)d{y) + xd^{y) = 0 for all x,y e N. (4.4.9) 
Applying d again, we get 
f{x)d^{y)+d\x)d{y)+d{x)d\y) + d{x)d^{y) + xd^{y) = 0 for all a;,y e A^ . (4.4.10) 
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Taking d{y) instead of y in (4.4.9) gives 
fix)d''{y) + d{x)d\y) + xd\y) = 0. 
Hence (4.4.10) yields 
d^{x)d{y)+d{x)d^{y)=0 iov all x,y e N. (4.4.11) 
Now, substitute d{x) for x in (4.4.9), obtaining 
f{d{x))d{y) + d'{x)d{y) + d{x)d\y) = 0, 
and use (4.4.11) to conclude that f{d{x))d{y) = 0 for all x,y e N. Thus, by Lemma 
1.4.3 (m), 
fid{x)) = 0 for all a; € A^ . 
Proof of Theorem 4.4.7. Since / 7-^  0, there exists xeN such that 0 ^ f{x) e Z{N). 
Since f{x) + f{x) = f{x + x) e Z{N), {N,+) is abeUan by Lemma 1.4.3 {ii). To 
complete the proof, we show that N is multipUcatively conmiutative. 
First consider the case d = 0, so that f{xy) = f{x)y E Z{N) for all x,y e N. 
Then f{x)yw = wf{x)y, hence f{x){yw - wy) = 0 for all x,y,w E N. Choosing x such 
that f{x) 7^  0 and invoking Lemma 1.4.3 (i), we get yw — wy = 0 for all y,w e N. 
Now assume that d ^ 0, and let c 6 Z{N) \ {0}. Then f{xc) = f{x)c + xd{c) e 
Z{N); therefore, {f{x)c + xd{c))y = y{f{x)c + xd{c)) for ail x,y E N, and by Lemma 
4.4.1, we see that f{x)cy + xd{c)y = yf(x)c + yxd{c). Since both f{x) and d{c) are in 
Z{N), we have d{c){xy - yx) —Q for all x,y E N, and provided that d{Z{N)) ^ {0}, 
we can conclude that A'^  is commutative. 
Assume that d^O and d{Z{N)) = {0}. In particular, d(f{x)) = 0 for all a; e N. 
Note that iov c E N such that /(c) = 0, f{cx) = cd{x) E Z{N); hence by Lemma 
4.4.2, d{x)d(y) E Z{N) and d{y)d{x) E Z{N) for each x,y E N. If one of these is 0, 
the other is a central element squaring to 0, hence is also 0. The remaining possibility 
is that d[x)d(y) and d{y)d{x) are non-zero central elements, in which case d{x) is not 
a zero divisor. Thus d{x)d{x)d{y) — d{x)d{y)d{x) yields 
d{x){d{x)diy) - d{y)d{x)) - 0 = d{x)d{y) - d{y)d{x). 
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Consequently, A'^  is commutative by Theorem 1.4.4. 
Remark 4.4.2. The following example shows that Theorem 1.4.4 can not be extended 
to generalized derivations, even if N is assumed to be a ring. 
Example 4.4.1. Consider the ring H of real quaternions, and define / : H —> H 
by f{x) = ix + xi. It is easy to check that / is a generalized derivation with associ-
ated derivation d given by d{x) — xi—ix, and that f{x)f{y) = f{y)f{x) for all x,y e H. 
A weak generalization of Theorem 1.4.4, was given in [42] by Golbasi but the proof 
given by Golbasi was not correct (At one point, both left and right distributivity wc^ re 
assumed). However, Bell [15] rectified the error in the proof given by Golbasi and 
obtained the following result: 
Theorem 4.4.8([15, Theorem 4.1]) Let iV be a 2-torsion free prime near-ring and let 
(/, d) be a generalized derivation of N such that / satisfies f{xy) — d{x)y + xf{y) for 
all x,y e N. If f{x)f(y) = f{y)f{x) for all x,y 6 A'', then N is a. commutative ring. 
Proof. The argument used in the proof of Theorem 4.2.1 shows that if both z and 
z + z commute element wise with f{N), then we have 
zf{x,y) = 0 for all x,y e N. (4.4.12) 
Substituting f{t), t e N ior z in (4.4.12), we get f{t)f{x,y) =- 0. By Lemma 4.2.3(z), 
we obtain that /(a;,y) = 0 for all a;,y e N. For any w € N,-we have 
0 = f{wx, wy) ^ f{w{x, y)) = d{w)f{x, y) + wf{x, y) 
and so, we obtain 
d{w){x,y) = 0, for all x,y e N. 
Prom Lemma 1.4.3 (in), we get {x,y) — 0 for all a;,y e A''. 
Now, assume that N is 2-torsion free. By the assumption f{x)f{y) = f{y)f{x), for all x, y € 
A^ , we have 
f{z)f{f{x)y) = f{f{x)y)f{z) for all x,y,ze N. 
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Hence,we get 
f{z)d{f{x))y + f{z)f{x)f{y) = d{f{x))yf{z) + f{x)f{y)f{z) 
f{z)d{f{x))y + f{x)f{z)f{y) = d{f{x))yf{z) + f{x)f{z)f{y) 
and so, 
f{z)d{f{x))y = d{f{x))yfiz), for all x,y,ze N. (4.4.13) 
If we take yw instead of y in (4.4.13), then 
d{f{x))ywf{z) = f{z)d{f{x))yw 
= d{f{x))yf{z)w 
and so, 
d{f{x))N{f{z)w - wf{z)} = 0 for all x,zeN. 
Since A'' is a prime near-ring, we have 
difiN)) = {0} or f{N) C Z{N). 
Hence in view of Theorem 4.4.7, we may assume that d{f{N)) = {0} and therefore, 
by Lemma 4.4.2, f{d{N)) = {0}. We calculate f{d(x)d{y)) in two ways. Using the 
defining property of / , we obtain 
f{d{x)d{y)) = f{d{x))d{y) + d{x)d''{y) = d{x)d''{y), 
and using the given condition, we obtain 
f{dix)diy)) = d\x)diy) + d{x)f{d{y)) = d\x)d{y). 
Thus, d^x)d{y) = d{x)d\y) for all x,y E N. But since d{f{N)) - {0}, (4.4.11) 
holds in this case as well, therefore d'^{x)d{y) — 0 for all x,y e N, hence by Lemma 
1.4.3 [iii) S' = 0. Thus d — 0, contrary to our original hypothesis, so that the case 
d{f{N)) = {0} does not in fact occur. 
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